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Abstract. We provide a proof for an inequality between volume and L^- 
Betti numbers of aspherical manifolds for which Gromov outlined a strategy 
based on general ideas of Conncs. The implementation of that strategy in- 
volves measured equivalence relations, Gaboriau's theory of L^-Betti numbers 
of .i^-simplicial complexes, and other themes of measurable group theory. Fur- 
ther, we prove new vanishing theorems for L^-Bctti numbers that generalize 
a classical result of Cheeger and Gromov. As one of the corollaries, we obtain 
a gap theorem which implies vanishing of L^-Betti numbers of an aspherical 
manifold when its minimal volume is sufficiently small. 
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1. Introduction 

1.1. Discussion of results. The minimal volume niinvol(A/) of a smooth man- 
ifold M is the infimum of volumes of complete Riemannian metrics on M whose 
sectional curvature is pinched between —1 and 1. Questions of significant geometric 
interest are: Is minvol(Af) > 0? If yes, is the infimum attained by a metric of M? 
If yes, is this metric unique, or does it satisfy certain regularity properties? In the 
seminal paper [19] Gromov introduced the notion of simplicial volume and initiated 
the use of simplicial volume and bounded cohomology as basic tools in the study 
of the minimal volume. The central fact is that the simplicial volume provides a 
homotopy invariant that bounds the minimal volume from below. 

In the present paper we transfer classical vanishing theorems for simplicial vol- 
ume and bounded cohomology and theorems relating volume and simplicial volume 
of manifolds to L^-Betti numbers of closed, asphcrical manifolds or spaces. 

A manifold M is called aspherical if its universal covering is contractible or, 
equivalently, M is a model of the classifying space Btti{M) of its fundamental 
group. L^-Betti numbers for regular coverings of closed Riemannian manifolds 
were introduced by Atiyah [1], and their range of definition and application was 
widened over the years [7, 10-12,26]. By now there is a definition of L^-Bctti num- 

(2) 

bers bl '{Y;r) £ [0,oo], i > 0, of an arbitrary space Y with the action of a discrete 
group r [27, chapter 6]. The most important case for us is the universal covering 
M of a space M with the natural action of its fundamental group tti{M). Here we 

(2) — 

omit TTi{M) in the notation and simply write b] (M). 

We provide a proof (Section 4) of the following inequality stated by Gromov 
in [23, Section 5.33 on p. 297], where he outlines a strategy based on general ideas 
of Connes. A major part of this paper deals with a rigorous implementation of this 
strategy, which takes a considerable effort. See Subsection 1.3 for an overview. 

Theorem A. Let C > and n G N. Then there is a constant constp n > with 
the following property: If M is an n- dimensional, closed, aspherical Riemannian 
manifold such that its universal covering AI with the induced metric has the property 
(packing inequality) that each ball of radius 1 contains at most Cr~" disjoint balls 
of radius r for every < r < 1 , then 

bf\'M) < constcn vol(A/) for all i > 0. 

Let us briefly recall the well known relation between a lower Ricci curvature 
bound and a packing inequality like in the hypothesis of the preceding theorem. 
If M satisfies the lower Ricci curvature bound Ricci(A/) > — (n — 1) then also 
Ricci(M) > — (n — 1). Write B{m,r) C M for the ball of radius r around m £ M, 
and Bfiyp{r) for a ball of radius r in hyperbolic n-space. According to the Bishop- 
Gromov inequality [18, Theorem 4.19], ii R > r, then 

vol{B{m,R)) ^ vo\{B,,yp{R)) 
vol{B{m,r)) ~ vo\{Bhyp{r)) ' 

Since the right hand side can bounded by const„(i?/r')" for r, i? < 1, a mere volume 
estimate implies that at most const„ r~" disjoint balls of radius r fit into a ball 
of radius 1 for a constant const„ only depending on the dimension n. Thus the 
following corollaries are direct consequences of Theorem A. 

Corollary. For each n G N there is a constant const„ > with the following 
property: If M is an n-dimensional, closed, aspherical Riemannian manifold with 
lower Ricci curvature bound Ricci(ilf) > — (n — 1), then 

bf\M) < const„ vol(Af) for all i > 0. 
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Corollary (Main inequality for L^-Betti numbers). For each n S N there is a 
constant const„ > with the following property: If M is an n-dimensional, closed, 
aspherical manifold M , then 

hf\M) < const„ minvol(Af ) for all i > 0. 

These two corollaries arc the analog of Gromov's main inequality [19, 0.5] with 
simplicial volume replaced by L^-Betti numbers and the additional hypothesis of 
asphericity. However, Gromov's main inequality also applies to non-compact com- 
plete manifolds, and the constant is explicitly known. 

Notice that for aspherical M we have b[^\M) = bf\-Ki{M)), and bf\Tii{M)) 
is an orbit equivalence invariant of the fundamental group 7ri(M) by Gaboriau's 
work [17]. It is a particularly interesting aspect of the previous corollary that it 
provides a non-trivial orbit equivalence invariant that bounds the minimal volume 
from below. 

According to the Hopf-Singcr conjecture [27, Conjecture 11.1]), b\ {M) = if 
2i 7^ dim(M) for every closed, aspherical manifold M . Examples of closed aspherical 
even-dimensional manifolds where the L^-Betti number in the middle dimension 
is positive and the Hopf-Singer conjecture holds true include Kahler hyperbolic 
manifolds [21] and closed locally symmetric spaces of fundamental rank zero [5]. 

We prove the following new vanishing Theorem in Section 5. Recall that a 
subset J7 C M of a topological space is amenable if for every x G U the image 
im(7ri([/; x) 7ri(A/;a;)) is amenable. 

Theorem B. Let M be an n-dimensional, closed, triangulated (e.g. smooth), as- 
pherical manifold. Assume that M is covered by open, amenable sets such that every 
point belongs to at most n sets. Then 

6f^(M) ^0 for alii >0. 

Note that the original definitions of L^-Betti numbers of Atiyah and Dodziuk do 
not apply to topological manifolds without triangulations, but Liick's theory does. 
Theorem B actually stays true without the assumption triangulated but we omit 
the necessary modifications in this case due to the length of the paper. 

We remark that a naive spectral sequence approach to the theorem above fails 
since the amenable subsets are in general not aspherical, thus may have non- 
vanishing L^-cohomology. 

The following result for simplicial complexes is also obtained in Section 5. 

Theorem C. Let M be a finite aspherical simplicial complex. Assume that M is 
covered by open amenable sets such that every point belongs to at most n subsets. 
Then 

bf\M) = for all i > n. 

Theorems B and C together are the analog of Gromov's vanishing theorem [19, 
Section 3.1] for L^-Betti numbers. Furthermore, Theorem C generalizes a classical 
theorem of Clieeger and Gromov [7], which says that the L^-Betti numbers of 
aspherical simplicial complexes with amenable fundamental group vanish. 

Gromov shows [19, Section 3.4] that for every dimension n E N there is a constant 
e„ > with the property: If M is an n-dimensional, closed Ricmannian manifold 
such that Ricci(M) > -{n - 1) and vol(B(l)) < e„ for each unit ball B{1) C M 
then there is an amenable cover as in the hypothesis of Theorem B; his proof 
can be simplified a bit using the more recent Margulis lemma for Ricci curvature 
by Cheeger and Colding [8, Theorem 8.7; 19, Section 3.4]. Hence we obtain the 
following interesting gap theorems. 



4 



ROMAN SAUER 



Corollary. For every n € N there is a constant e„ > with the following prop- 
erty: If M is an n- dimensional, closed, aspherical Riemannian manifold such that 
Ricci(A/) > — (n — 1) and vol(i?(l)) < e„ for each unit ball B{1) C M then 

hf\M) = for alli>0. 

Corollary (Isolation theorem for L^-Betti numbers). For every n e N there is 
a constant e„ > with the following property: If M is an n- dimensional, closed, 
aspherical, smooth manifold such that minvol(M) < e„, then 

hf \M) ^0 fori>0. 

This is the analog of Gromov's isolation theorem [19, Section 0.5] for i^-Bctti 
numbers. 

The Atiyah conjecture for a group T [27, Chapter 10] predicts that the L^-Betti 
numbers of any closed aspherical manifold with fundamental group T are integers. 
Provided the Atiyah conjecture holds true, the previous corollaries would follow 
from Theorem A and its corollaries. So far the Atiyah conjecture has been verified 
for certain inductively defined classes of groups but not for fundamental groups of 
manifolds satisfying the hypothesis of the corollaries above nor for any geometrically 
defined class of groups. 

As mentioned above, all stated results are analogs of theorems about simplicial 
volume or bounded cohomology in Gromov's paper [19]. Unlike there, the hypothesis 
of asphericity is essential in the present context. For example. Theorems A and B 
both fail for the 3-sphere, which has vanishing minimal volume. 

Theorems A and B would follow from Gromov's results [19] if the following 
conjecture, which Gromov formulated as a question, would be true [22, Section 8A 
on p. 232; 23, Remark e) on p. 304; 27, Chapter 14]. 

Conjecture. For every dimension n G N there is a constant const„ > such that 
for every n- dimensional, closed, aspherical, orientable manifold M we have 

hf\M) < const„ ||M|| for all i > 0. 
Here [[M[[ denotes the simplicial volume of M . 

1.2. Conventions. The following framework is used throughout the paper. 

Assumption 1.1. Let {X,fi) be a standard Borel space equipped with an atom- 
free probability Borel measure fi. Let T be a countable group acting (essentially) 
freely and fi-preservingly on X . The orbit equivalence relation is the equivalence 
relation on X given by 

^ = {{jx,x) ex xX; jer,xex}. 

Here the F-action is essentially free if Xq — {x e X; ^ {!}} is a fi-rmll set. 
Upon replacing X with X\Xq, we can always achieve that the action is strictly free. 
Therefore the word essentially will be frequently omitted. Recall that {X, fi) as a 
measure space is isomorphic to ([0, 1], A) where A denotes the Lebesguc measure. 

An orbit equivalence relation is an example of a countable measured equivalence 
relation. For more information about that notion we refer to [13; 16, Section 2; 
17, Section 0]. Every countable measured equivalence relation arises as an orbit 
equivalence relation of a (not necessarily free) action of a countable group. 

For later reference, we record the following assumptions. 

Assumption 1.2. Let M be a connected, finite simplicial complex with fundamen- 
tal group F. Let {X,fi) and Sf, be as in Assumption 1.1. All metric notions about 
M refer to the unique length metric that restricts to the standard Euclidean metric 
on simplices. 
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Assumption 1.3. Let M be an n- dimensional, connected, closed, oriented, trian- 
gulated manifold with fundamental group T . Let {X, /i) and Si he as in Assump- 
tion LI. 

Without loss of generality, we assume for the proofs of Theorems A and B that 
the manifold M is connected and orientable, that is, satisfies Assumption 1.3. If 
M is non-orientable then there is a two-fold orientation cover p : M ^ M. li M 
satisfies the hypothesis of Theorem A, then M with the induced Riemannian metric 
does so. If M has an amenable cover {Ui}i^i as in the hypothesis of Theorem B, 
then {p~^{M)}i^i is one for M. Because of multiplicativity [27, Theorem 1.35 (9)] 

b^i^\M) = 26f ^(M) for all i > 

it is sufficient to prove the theorem for M. 

A countable family {Xi)i^i of Borel subsets of a measure space {X,ii) is called 
a (countable) Borel partition if [J^^j Xi is a /z-conuU set and fi{Xi n Xj) ~ for 
i ^ j. By abuse of notation, we just write X = [J^^j Xi. The abbreviation a.e. 
means either almost every or almost everywhere. 

1.3. On the approach. We present an elaborate version of Gromov's strategy [23, 
Section 5.33] to attack Theorem A, which itself is motivated by general ideas of 
Connes. The appropriate framework involves techniques from measured equiva- 
lence relations, Connes' and Gaboriau's theory of M-simplicial complexes and other 
themes of measurable group theory [36]. 

The way we set up the general framework is flexible enough to run the proofs of 
Theorems B and C. However, a crucial difference is the geometric construction of 
^-covers which involves the Ornstein- Weiss Lemma. 

1.3.1. General Remark on bounding (L^)-Betti numbers. One method to bound the 
z-th Betti number and the i-ih L^-Betti number of a topological space M from above 
by a constant C is to realize M as a homotopy retract in a simplicial complex S 
(that is, there are maps / : Af — > 5 and g : S M with g o / ~ id^/) such that 
the number of i-simplices of S is at most C . 

In the sequel let M be as in Assumption 1.3, and assume that M is aspherical, 
that is, M is model of EV, Then one could alternatively try to find a free F-simplicial 
complex S with at most C equivariant i-simplices and an equivariant map f : M 
S. The advantage of asphericity and working cquivariantly is that one automatically 
gets an equivariant map g : S M and an equivariant homotopy go f ~ idj^ from 
the universal property of ET , which then leads to the same estimate. 

1.3.2. The category of S?,- spaces. We use a similar method (which does not work 
anymore to bound Betti numbers) in the category of ^-spaces (Section 2) instead 
of F-spaces, where Si is as in Assumption 1.1. An ^-space is the realization of 
a fiberwise locally finite ^-simplicial complex (Definition 2.6) in the sense of [17, 
Section 2]. One example is X x M with the ^-action {'-^x,x).{x,m) = (70;, 7m). 
The morphism in this category, called geometric Si-maps (Definition 2.21), are 
fiberwise continuous and proper. The category of ^-spaces is an extension of the 
combinatorial framework [17] to a topological one. 

1.3.3. Homotopy retracts of Si -spaces by Si-covers. An .^-cover of A x M is an 
equivariant family of sets of the form A x U with A C X Borel and U C M open 
(Definition 2.27). Such an .^-cover gives rise to a nerve construction ^('^), which 
is naturally an ^-simplicial complex, and a geometric Si-map 



(1.1) 



: A X M -> ^{'^). 
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Also in this context asphericity yields a homotopy retract, that is, a geometric 
^-map tp : ^{'W) X x M with ■(/> o ^ ~ ^^xxM- 

1.3.4. Bounding the L^-Betti number in the top dimension n under the hypothesis of 
Theorem A. Now let M be as in Theorem A. It is a standard trick that one obtains 
from the packing type hypothesis on M a cover whose multiplicity is bounded in 
terms of the constant C [4, Lemma 125 on p. 333]. But in general there is no way 
to make such a cover F-equivariant without loosing control over its multiplicity. If 
there would be, we could prove Theorem A by proceeding as in 1.3.1. 

However, it is possible to construct an ^-cover such that the induced cover 
on {x} X M has the correct multiplicity for a.e. x € X (Theorem 4.1). Then one can 
modify (p from (1.1) by a geometric ^-homotopy such that the equivariant number 
of n-simplices of im(0) C ^{^) in the sense of Definition 2.9 (equivalently: the 
measure z/"(^\E(")) defined in [17, Section 2.2.3]) is dominated by constc_„ vol(M) 
where constc,n is a constant only depending on the dimension n and the constant C 
from Theorem A. 

Now an application of Gaboriau's theory [17] would yield the stated bound 
(1.2) bl^\M) < constc.n vol(M) 

in the top dimension, which alone is useless if one assumes the Hopf-Singcr conjec- 
ture for M (mentioned in Subsection 1.1). We introduce another tool to obtain the 
bound in all degrees: Foliated singular homology and the support mass. 

1.3.5. Foliated singular homology. We define a homology theory (Section 3) for 
the category of ^-spaces, called foliated singular homology that is a singular version 
of the sheaf-theoretic tangential homology of measured foliations [29]. 

Actually, .^(S) for an ^-space S is really defined in terms of the laminated 
quotient space but for conceptual and technical reasons it is better to work 

with the .5^-space instead of its quotient. For example, the universal property that 
gives us the map tp is not transparent on the quotient level. 

The definition of J^n{'^) is modelled on Gromov's description of Connes's fo- 
liated simplicial volume [20, 2.4.B]. Indeed, the foliated simplicial volume for the 
measurable foliation r\(X x M) is most naturally defined in terms of cycles rep- 
resenting the fundamental class in Jifn{X x M) (see Remark 3.26 for the notion of 
fundamental class). For our purposes, we deal with another, yet related numerical 
invariant on J^(E), called the support mass and defined in Subsection 3.4. 

It turns out that in the situation of 1.3.4 we not only get the bound (1.2), but, 
using the properties of Jif^, developed in Section 3, we can also bound the support 
mass of the fundamental class in M'n{X x M) by constc^„ vol(M) (Theorem 4.3). 
This implies (Theorem 3.25) that the image of the fundamental class in II„(M;Z) 
under the homomorphism induced by inclusion of coefficients 

H„(A/;Z) =H„(Z®zrC*(M)) ^ H„ (L°"(X; Z) 0zr Ch.(M)) = H^(M; L°°(X; Z)) 

can be represented by a cycle YlT=i /» ® ^« '^^^^ ^ L°^(Ar; Z) and Gi £ Sing„(Af) 
such that 

m 

y^/^(supp(/,)) < constc,« vol(Af). 
1=1 

Such a representing cycle of the fundamental class leads to an estimate for b\ {M) 
for alH > (in our case: b\ (M) < constc,n vol(Af)) by a Poincare duality argu- 
ment. See Theorem A.l in the Appendix. 
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1.3.6. The Sf^-covers used for Theorems B and C. The proofs of Theorems B and C 
differ from that of Theorem A in the construction of the ^-covers . Whereas in 
the case of Theorem A the input from crgodic theory is very modest, we now employ 
the generalized Rokhlin lemma of Ornstein and Weiss [32] to construct suitable iM- 
covers ^5 for any S > such that the number of cquivariant /c-simplices of jV(^) 
is less than const -5 for k > n. The characteristic feature of elements A x U of ^5, 
where A C X and U C M, is that fJ,{A) gets small and U gets large when S tends 
to zero. 

The proof of Theorem C is easier than that of Theorem B since we do not need 
the technique in 1.3.5. Instead we apply Gaboriau's techniques [17]. 

2. ^-Spaces and ^-simplicial Complexes 

In Subsections 2.1 to 2.4, M denotes an arbitrary countable measured equivalence 
relation on a standard Borel space {X, /i) equipped with a probability Borel mea- 
sure /i. In Subsection 2.5 we refer to the more special situation of Assumption 1.1. 

2.1. ^-simplicial complexes. To fix the terminology and for the convenience of 
the reader, we recall in Subsection 2.1 basic notions about ^-simplicial complexes 
as presented in [17]. 

Definition 2.1. An {X, ^)-space or X-space is a standard Borel space S together 
with a Borel map : S ^ X such that the fibers T,x — p^^(x), x S X, are 
countable. A map of X-space s / : S — > $ is a Borel map such that pr.^ of = pr^. 

We denote the fiber product of X-spaccs S Xx S' = {(w, w) G S x S'; p^{u) = 
Ps'(w)} by S * E'. 

Definition 2.2. An ^-action on an AT-space S — *■ A is map of A-spaces — » S, 
{(jj,x),u) I— > (y^x).u, such that 

a) {y,x).T,x C Sy, 

b) {x, x).u = u for every x & X and every u G Tj^, and 

c) (z, y).[{y, x).u^ = (z, x).u for all x,y, z ^ X and every u G 'Sx- 

Remark 2.3. If ^ is as in Assumption 1.1, then an ^-action on E is nothing 
else but a measurable F-action on E such that 7 • S^; C 'Sj^- 

Fibered products of A-spaces with ^-actions carry by definition the diagonal 
i^-action. An ^-action that has a Borel fundamental domain that is a Borel 
subset of S whose intersection with every ^-orbit consists of exactly one element, 
is called discrete. 

Definition 2.4. The natural measure on the (A, /i)-space E is defined as 

lyf'iU) = / # {p^\x) n U) dfi{x) for all [/ C E Borel. 
Jx 

If the choice of ^ is clear from the context, the superscript /i in j/^(?7) is omitted. 

Definition 2.5. Let E be an (A, /i)-space with a discrete ^-action. The measure i'^ 
on ^\E obtained from the restriction of the natural measure to a Borel 

fundamental domain ^ C E after identifying .?^\E with ^ is called the transversal 
measure on ^\E. As before, the superscript fi is omitted in the notation if the 
choice of fi is clear from the context. 

Remark. It is easily verified that the preceding definition does not depend on the 
choice of the Borel fundamental domain. 

Definition 2.6. An ^-simplicial complex E consists of the following data: 
- an A-space E^"^ — > A with a discrete ^-action. 
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- for each n e N a Borel subset C * * ... * 

n + 1 times 

(ordered n-simplices) 
subject to four conditfons: 

a) (permutations) E*-"^ is invariant under permutations of the coordinates. 

b) (non-degeneracy) {vq, . . . ,Vn) S S*-"' impUes vq 7^ f„. 

c) (boundary condition) {vq, . . . , Vn) £ S'"-* implies (wi, . . . , i;„) S E^""^). 

d) (invariance) = 

Definition 2.7. An ^,-simplicial map : E <!> between .^-simphcial complexes 
is a Borel map over X such that (f>x '-^x is simplicial for a.e. x £ X and 4> is 

S£-equivariant in the sense that for a.e. a; £ X, every y € X with (?/,a;) g and 
every m S S^^ we have 4){{y, x).m) = (y, x).4>{m). 

The reader may notice that while the notion of an ^-action (Definition 2.2) is 
defined in a strict sense the conditions of the previous definition are only required 
up to null-sets. 

Definition 2.8. The barycentric subdivision sd(S) of E is the ^-simplicial com- 
plex obtained by taking the barycentric subdivision on each fiber E^,. The n-fold 
barycentric subdivision is denoted by sd^"^(E). Abstractly, sd(E) is defined as fol- 
lows. There is a natural action of the symmetric group S(n -I- 1) on E^"' which 
commutes with the .^-action. The quotient S{n + 1)\E(") is still an X-space with 
a discrete ^-action. The set of 0-simplices is 

sd(E)(0) = ]JS(n+l)\E("). 

n>0 

Thus sd(E)'^'') is partially ordered by inclusion. The set of n-simplices sd(E)'^"^ 
consists of (n + l)-tuples (vq, . . . ,t'„) with the property that the Vi lie in some 
common fiber of sd(E)'*'-' and {vq, ■ ■ ■ , ««} can be totally ordered. 

Definition 2.9. The (weighted) number of (non- oriented) equivariant n-simplices 
of an ^-simplicial complex E is defined as h't {{S{n + l)x ^)\E(")) and denoted 
by cr„(S). 

Example 2.10. Retain the notation of Assumption 1.1. Let S' be a free F-equivariant 
simplicial complex Then X x S" is an ^-simplicial complex via 

(7a;,a;)(a;,s) = (7a;, 7s). 

The set of n-simplices is E(") = X x S'("). 

Since an ^-action is defined in a strict sense, we may and will assume here that 
the F-action on X is strictly free (cf. Subsection 1.2). 

At any rate, in the proofs of Theorems A, B and C we fix the group F and thus 
could also speak of F- instead of .^-actions (cf. Remark 2.3), but the framework 
of .^-actions is more conceptual, especially in the definition and the functorial 
properties of singular foliated homology (Section 3). 

2.2. Standard embeddings. Let E be an ^-simplicial complex. Pick a countable 
set / and an isomorphism ^ — > A" x / of AT-spaces [13]. 

Definition 2.11. Let A(/) be the simplicial complex whose vertex set is / and 
whose simplices consist of all finite subsets of /. The realization of A(/) is denoted 
by the same symbol; to which meaning we refer should be clear from the context. 
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Let ^ be a Borel fundamental domain of Then there is a countable Borel 
partition ^ = YineN such that ps is injective on each (theorem of selec- 
tion; see 6.17. [33, Lemma 3.1] for the version needed here). The injective map 

= ^.^ -^^xN^{X xI)xE = X X A{I X N)(°\ 

where the first arrow maps (y, x).u with u G J^n and x ~ p^{u) to (y, x, n) and the 
second arrow comes from the isomorphism above, extends to an embedding 

(2.1) Y.^XxA{IxN). 

We say that (2.1) is a standard embedding ofT,. Note that under Assumption 1.1 
we could take I = T. 

2.3. ^-spaces and geometric ^-maps. The geometric realization of an ^- 
simplicial complex E is the disjoint union of the geometric realizations jSa-j of the 
fibers. 

Definition 2.12. By definition, an ^ -space is the geometric realization of some 
i^-simplicial complex E such that S^; is locally finite for a.e. x e X. Here E is part 
of the data of the ^-space. 

A standard embedding as in (2.1) yields an injection |0| : |E| ^Xx|A(/xN)|. 
The standard Borel structure of |E| is defined as the restriction of the product Borel 
structure on X x |A(/ x N)|. 

Lemma 2.13. The Borel structure in the previous definition does not depend on 
the choice of a standard embedding, and im(|^|) C X x |A(/ x N)| is a Borel subset. 

We skip the proof of this easy lemma. Its first part follows from Lemma 2.14 
below (whose proof is also left to the reader) and the fact that, if / is countable, 
the subsets A x K, where A C X is Borel and K C |A(/)| compact, form a basis 
of the Borel algebra of X x |A(/)|. 

Lemma 2.14. 

a) Let (f> : X X I ^ X X J be an isomorphism of X -spaces. The induced bijection 

: X X |A(/)| ^ A" x |A(J)| has the following property: For every compact 
subset K C |A(/)| there is a countable Borel partition of X into sets A„ such 
that \4>\\xriXK is a product idx„ x/n- In particular, for every Borel subset A C 
X , \(j}\{A X K) is a union of sets An x with Kn compact and An ~ A„ n A. 

b) For an M-simplicial complex E let (j) and 6 be standard embeddings E — > A x 
A(/ X N). Let K C |A(/ x N)| be compact and A C X be a Borel subset such 
that A X K C mi[\(f>\). Then there is a countable Borel partition of A by sets 
An such that each restriction \6\ o |^|~^|a„xK is a product map idA„ xfn with 
continuous fn ■ K |A(/ x N)\. 

Definition 2.15. The n-simplices of an .^-simplicial complex correspond to sub- 
spaces of its realization homeomorphic to A", which we call geometric n-simplices. 

Remark 2.16. We equip the fibers of an ^-space with the unique length metric 
that restricts to the standard Euclidean metric on geometric simplices. All metric 
notions refer to this metric. Since a.e. fiber is locally compact, the weak topology 
coincides with the topology obtained from the metric on a.e. fiber. 

Remark 2.17. Note that we use Greek capital letters (E,$, . . .) to denote both 
i^-spaces and ^-simplicial complexes. The |E|-notation is only used if we want to 
refer explicitly to the underlying i^-simplicial complex. 
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Remark 2.18. We leave it to the reader to verify that the ^-action on S induces 
an ^-action on in the same sense as in Definition 2.2 except map of X -spaces 
should be replaced by Borel map over X. This action is fiberwise continuous. The 
union of geometric simplices corresponding to fundamental domains of S*-"-* over 
all n > is a Borcl fundamental domain of |S]|. 

Definition 2.19. Since S has an ^-fundamental domain, the restriction of the 
projection pr : E^; — > is injective for all x ^ X. The image pr(Sa;) C 

which can be identified with S^;, is called the leaf at x d X and denoted by ^s(a;). 

The quotient .^\E can be seen as a foliated space, foliated by the leaves ^s(x). 

Definition 2.20. Fix a choice of standard embeddings S, $ — > XxA{IxN). A map 

(j) : |$| over X is said to be of countable variance, if for any set Ax K , A C X 

Borcl, K C |A(/ X N)\ compact, there is a countable Borel partition A = UneN^" 
such that An x A' c and each restriction (f>\A„xK is a product. 

Independence of the chosen standard embeddings is implied by Lemma 2.14. 
Further, it is clear that countable variance implies measurability. 

Definition 2.21. A geometric 1%-map between .^-spaces is a map over X of count- 
able variance that is ^-equivariant (in the sense of Definition 2.7), continuous on 
a.e. fiber and proper on a.e. fiber. We say that a geometric ^-map between ^-spaces 
is S£-simplicial if it is the realization of an ^-simplicial map of the underlying 3?.- 
simplicial complexes. 

Remark 2.22. A geometric ^-map : S ^ $ induces proper maps ^y,{x) 
^^{x) for a.e. x & X. 

It would be more natural and less cumbersome in some places to replace the 
condition of countable variance by measurability. However, for technical reasons we 
need countable variance at some places, notably in the proofs of Theorems 3.12 
and 3.25. 

The easy proof (similar to Lemma 2.14) of the following lemma is left to the 
reader. 

Lemma 2.23. Let S, $ be M-simplicial complexes with locally finite fibers a.e and 
(j) : T. ^ ^ an ^-.simplicial map. If (px is proper for a.e. x € X, then the realiza- 
tion defined fiberwise as \4>x\ ■ \^x\, is o, geometric 3^-map. 

2.4. Simplicial approximation of geometric ^-maps. In this Subsection we 
introduce simplicial approximation theorems in the context of ^-space. We start 
by recalling some terminology concerning simplicial approximation. The smallest 
simplex in (the realization) of a simplicial complex that contains the point m is 
denoted by carr(TO) . The open star of a vertex v in a simplicial complex is denoted 
by star(u). Notice that x G star(v) <^ w £ carr(2;). Let f,g be two maps from a 
topological space M to a simplicial complex K. Then g is called an approximation 
of f if g{x) S carr(/(x)) for all x £ M . If M and g are simplicial, then g is called a 
simplicial approximation of f . If 4>, ip are geometric ^-maps between ^-spaces, we 
call (j) an (^-simplicial) approximation of tp if (j)x is a (simplicial) approximation of 
tjjx for a.e. x G X. The Lebesgue number of an open cover of a metric space is the 
supremum of all r > such that every set of diameter less than r is contained in 
an element of the cover. 

Lemma 2.24. Let : |S]| |$| be a geometric ^-map. Let ■0 : |S| |(f>| be 

an ^%-equivariant map that is of countable variance and continuous in a.e. fiber. 
Suppose that ipx 'is an approximation of 4>x for a.e. x S X. Then ^x is proper 
for a.e. x G X, thus ip is a geometric .^-map. Furthermore, there is a geometric 
^%-homotopy between <j) and ^. 
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Proof. Define i7 : |E| x [0, 1] |$| to be the map such that i?|{m}x [o.i] parametrizes 
the straight line segment connecting 'ijj{m) and 4>{m) (within the simplex carr((/)(m))). 
Equivariance of H is clear. First we verify that is proper (in particular, is). 
Let K C \^x\ be a compact subcomplex and {ki,...,kp} be the finitely many 
vertices of K. We show that 

p 

(2.2) H-\K) C y C'(star(fc,)) x [0, 1]. 

i=l 

Let (m,i) e H-^{K). Then 

Hx{m, t) G carr((/).^(m)) D A' 7^ 0. 

There is a vertex ki in ii' such that ki G carr(0a;(m)), thus m G 0^"'^(star(fci)) show- 
ing (2.2). Since is locally finite and <f>x is proper, (2.2) implies that H^^{K) is 
compact. Next we verify that H is of countable variance. Choose standard embed- 
dings S, $ — > X X A(/ X N). Let if C A(/ x N) be a compact subcomplex. Let 
{An\n&i and {Bn}n&i bc Borel partitions of X such that (/)|A„xi<" and '0|B„xi<" 
are product maps. If {C„}„gN is a refinement of {A„}„gN and {i3„}„gN, then 
^lc„x(if x[o,i]) is a product map for all n G N. So if is the geometric ^-homotopy 
between </> and ip. □ 

Definition 2.25. Let (f) : |$| be a geometric ^-ma.p. Let £(a;) bc the 

Lebcsgue number of the puUback under (j)^ of the open star cover of The 
Lebesgue number of is defined as the essential infimum of {L(x); x G X}. 

Theorem 2.26. Let : — > |$| be a geometric ^-map. If the Lebesgue num- 
ber of (j) is positive, then there is an n £ N and an Si-simplicial approximation 
^ : sd(")(E) ^ $ o/</>. Further, is a geometric ^-map, and (f) and 1-01 are 
geometrically ^-homotopic. 

Proof. We examine the classical proof to see that the simplicial approximations on 
the fibers assemble to an i^-simplicial map. 

Let (5 > be the Lebesgue number of 0. Take n G N large enough so that 
the diameter of a (geometric) simplex in the n-fold barycentric subdivision of jSa,] 
with respect to the length metric of \J^x\ is less than 6/2 for a.e. x G X. Then the 
diameter of the open star of a vertex v in |sd^"''(I])a;| = \'^x\, is less than 6, thus its 
image under (f> is contained in the open star of some vertex w of \^x\- For purposes 
of the proof wc can now forget n and assume that the image of an open star in jE^;! 
is contained in some open star of \^x\- 

Pick standard embeddings £,$ — s-XxA(/xN). Let ^ be a Borel fundamental 
domain for S^"' C X x {I x N); is the disjoint union of sets x {(ife,nfe)}, 
A; G N, with A]. C X Borel, ik G / and G N. For a.e. x G X and every fc G N 
there are j G I and m G N such that we have for the open stars 

(2.3) 0:r(star(a;,ifc,nfc)) C star(a;, j, to). 

Since for fixed k G N and x running through there are only countable many (j, m) 
appearing in (2.3), we can assume after further refining the Borel partition (^fe)fegN 
that for every k G N there are j = jk G I and m = mk G N such that (2.3) holds 
for a.e. x G Ak. 

Define ip^^"^ on ^ by sending {x, ik, nk) to {x, jk,'mk) for x G Ak, and extend it to 
by equivariance. It follows (fiberwisc) from the classical proof [37, Theorem 3 
on p. 127] that the map induced by tJj between the n-fold fibered products of 
5](o)^ $(0) restricts to S*") -> for any n > 0. The rest follows from Lemma 2.24. 

□ 
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2.5. ^-covers. Throughout Subsection 2.5, we retain the notation of Assump- 
tion 1.2. We introduce certain equivariant covers, so-caUed .^^-covers, on the Si- 
space X X M and a nerve construction. 

Definition 2.27. Let / be a free F-set. For i g / let C X be a Borel subset and 
and Ui C M be an open subset. 

The family ^ = {A^ x Ui\i^i is called an M-cover of X x M if 

a) A~fi = ^Ai, U^i = ^Ui for all 7 G F and i G I, 

b) := {Ui; X E Ai}i^i is locally finite in M for a.e. x £ X, 

c) for fixed m G M and for a.e. x G X it is {x, m) G Uie/ Ai x Ui C X x M. 

The family '^^ = {Ai x Uiji^i is called an M -packing if 

a') A.yi = 7Ai, [/^i = ^Ui for all 7 G F and i G /, 
b') Ui^Uj^%^ n Aj) = for ah i ^ j in /. 

Lemma 2.28. Every ^-cover ^ = {A; x L^J^e/ of X x M such that ^l{Ai) > 
/or every i E I has the following properties. 

a) The index set I is countable. 

h) For every compact K G M there is a countable Borel partition X = [Jj^jXj 
such that for almost all x,y G Xj and every k € K we have: {x, k) E Ai x Ui 
{y,k) G A^xU^. ^ _ 

c ) is a cover of M ~ {x} x M for a.e. x G X . 

Proof. Let T C M be a countable dense subset, and set /,„ = {i G /; m G Ui} 
for m G T. Then / = 

Im- For any m G T we define a Borel partition 

^ = U„>i^-Nby 

Xryi{n) = |x G G /; [x,m) G Ai x Ui} = n|. 

Note here that since is locally finite, the sets {i G I; {x, m) G AiXUi} are finite 
for a.e. x G X. Each set /,„(r, s) = {i G Im] t^{Xm{r) n Ai) > i} is finite since 
J2i(£i^{rs) f^i^mir) n Ai) < r^{X„i{r)) < 00. That / is countable follows from 

/ = U U ^™(^'^)- 

mGT r,s>l 

Set Ik{x) = {i G I; x G A,, A" n [/^ ^ 0}. Since '^x is locally finite I nix) is 
finite for a.e. x G X. In particular, Ik ranges as a function of x in the countable set 
of finite subsets of /. Let X = [Jj^ j Xj be a countable Borel partition such that 
Ik {x) is a constant set on each Xj . This proves the second assertion. 

To prove the third assertion, consider a compact subset K C AI such that 
TK = M. Let X = [Jj^ jXj of X be as in the second assertion. Suppose '^x 

is not a cover, i.e. {x} x M Uie/ xUi ox\ & subset of positive measure. This 
implies that {x} x K IJjg/ Ai x Ui on a subset Y G X oi positive measure that 
has a non-trivial intersection with some Xj^ . Pick G Y Ci Xj^ . Let m G if be 
such that (2/0, m) ^ [j^^^ Ai x Ui. Then (y, m) ^ IJig/ ^» x Ui for a.e. y gY r\ Xj^ 
contradicting c) in Definition 2.27. □ 

Lemma 2.29. Let = {Ai x Ui}i^j be an ^-packing such that iJ,{Ai) > for 
every i G I . Then 

a) I is countable, and 

b) for a.e. x G X the sets in {Ui, x G Ai} are pairwise disjoint. That is, '^x is a 
packing for a.e. x G X . 
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Proof. Let T and /,„ for m £ T he like in the previous proof. Then /(m) has to be 
countable since otherwise there would exist i ^ j u\ I with ^{Ai C\ Aj) > 0. Thus, 
/ is countable. 

Suppose there is a Borel subset A C X with ii{A) > such that for every x G A 
there are i 7^ j with x G AiD Aj and UiCiUj 7^ 0. We may assume that / = N. For 
X £ A, let i{x) < j{x) be minimal in / with this property. Since / x / is countable, 
there is a Borel subset B C A with fi{B) > such that {i{x),j{x)) is constant for 
X € B, which contradicts c') in Definition 2.27. □ 

Definition 2.30. The nerve J/{^) of an ^-cover = {^i x i/Jie/ of X x M is 
the .^-simplicial complex whose 0-simplices are 

^('^)(o) = {{x,iYx£ Ai,i el} cX X I. 

and whose set of 71-simplices C * ... * ^(^)('') is given by 

n n 
s=0 s=0 

The nerve ■yV^{'^ ) carries the ^-action that comes from the F-action 7(0;, ig, . . . , «„) = 
(7X, 7Jo, ■ • ■ , 7*n) (cf. Remark 2.3). 

Remark 2.31. The map jy{'^ ) X x A(/), {x, io, . . . , i„) ^ {x, io, . . . , in), is a 
standard embedding in the sense of Section 2.2. 

Remark 2.32. By Lemma 2.28, is a cover of M for a.e. x e X, and ■yV{'^)x 
is the nerve of the cover '^x, which is locally finite for a.e. x £ X since '^x is so. 

Remark 2.33. The ^-space obtained from the realization of ^{^) is also called 
the nerve of ^ and denoted by the same notation. It will be clear from the context 
to which meaning we refer. 

Lemma 2.34. Let = {Ai x Ui}i(=i be an ^-cover. Let L' C L be a complete set 
of T -representatives. Set 

..nAi^) ifii^ ik for I ^ k and fllLo 7^ 
otherwise. 



/(io, 




Then we have (cf. Definition 2.9) 

(2.4) a„(^(^))=--^.^,(^\^('2^)("))== ^ /(*o,...,z„). 
Proof. It is clear that 

(2.5) ^ = {(x,io,*i,...,i„) e^(^)'"'; e/'} 

is an ^-fundamental domain of ./f ('^)("). Let = ^ n jy{'^)x. From Defini- 
tion 2.5 we sec that 

(2.6) i^t(^\^('^)(")) = / if^x d^iix). 



The right hand side in (2.6) coincides with (2.4) by Fubini's theorem applied to the 
product measure space X x with the counting measure on /("+^). □ 

For the following, recall that all metric notions on simplicial complexes refer to 
the length metric that restricts to the standard Euclidean metric on simplices. 

Lemma 2.35. Let — {Ai x Uijazj be an Si-cover of X x M such that T\L is 

finite. Then there is a geometric .Si-map (j) : X x M jV^^) such that 

a) (j) is Si-simplicial (after a multiple barycentric subdivision of the domain). 
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b) For a.e. X € X the preimage under (px of the open star of the vertex i £ I in 
.yy{'^)x is contained in Ui. 

Proof. Let K C M be a compact set that contains the open 1-neighborhood of 
a F-fundamental domam of M . Then the cover {'yK\ 7 G F} of AI has Lebesguc 
number 1. Since r\/ is finite and F acts properly on M, there can be only finitely 
many i G I with X fi C/i 7^ 0. In particular, there is a subset X' C X of full 
measure such that only finitely many covers appear as the restriction of some j 
X S X', to K. Each of them has positive Lebesgue number with respect to restricted 
metric on iiT. If e' > is the minimal such number, then 'f/^ has Lebesgue number 
e := min{e', 1} for a.e. x £ X. 

For each Ui, let B^/4{dUi) be the closed e/4- neighbor hood of the boundary dUi. 
Set Vi := - B^/i{dUi). Then y = {A^ x Vi\,ei is an ^-cover of X x M such 
that i^x has Lebesgue number e/4 and Vi C Ui. Let /' C / be a system of F- 
representatives. By Uryson's lemma, for each i £ I' there is a function : M 
[0, 1] such that Ti\y. =1 and supp(Ti) C Ui. Extend the definition of t.; to alii G / 
by T^i{m) = Ti(7^-^m). Now define t : X y. M ~^ jVif//) by 

T(a;,m) = (.t, 5— — — V xa. (x)Ti(m)i) . 

Here denotes the characteristic function of Ai. Then t is proper as r clearly 
satisfies the second assertion and has Lebesgue number e/4. Obviously, r is equi- 
variant. Countable variance follows from Lemma 2.28 b). 

By Theorem 2.26, r possesses a simplicial approximation i^, which still satisfies 
the second assertion. □ 

Definition 2.36. An ^-cover ^ = {Ai x C/i}ie/ oi X x M is called uniformly 
bounded if there is an i? > such that diam(C/i) < R for every i G /. 

Definition 2.37. A geometric M-raacp (p : Y, ^ ^ between ^-spaces S and $ is 
called metrically coarse if for all i? > there is an S" > such that for a.e. x £ X 
and for all m, m' G we have 

d(m, m') < d{<f){m), (j){m')) < S. 

Theorem 2.38. Assume that M is aspherical. Let Y, be a finite- dimensional 
simplicial complex and $ C S an -simplicial subcomplex that contains Tf^^^ . Let 
(f) : \<^\ ^ X X M be a metrically coarse geometric S^,-map. Then (p can be extended 
to a metrically coarse geometric J^-map : — > AT x M. 

Proof Let 71 > 1. We show how to extend cf) from | U |$| to |S"| U |$| C 

Let ^ be a fundamental domain for the ^ x S(n + l)-action on There 
is a countable partition ^ = Y[j£ j ■^j such that the projection A is injective 

on each [33, Lemma 3.1]. Let Xj C A be the image of ^j. For every j £ J there 
is an embedding Xj x ej with ej ~ |A"| whose restriction to {x} x ej is 

an affine isomorphism onto the (geometric) simplex given by the unique element in 
n ^x for X G Xj. Identifying Xj x cj with its image, we can write: 

u |$| (J .^.(A, X e-j) U U |$| 

je.J 

Since (j) (as defined so far) is of countable variance, we can assume, after possibly 
refining (Aj)igj, that 4>\xjxdej is a product id xfj with continuous fj : dcj — s- M. 
Since cp is metrically coarse, the diameters of fj{dej) are uniformly bounded by 
a constant R. Note that M is uniformly contractible because M is compact and 
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aspherical. That is, every i?-ball of M can be contracted within an S-ball for some 
5 > 0. So we can find an extension Fj : ej ^ M of fj for every j e J such that 
Fj(ej) has diameter at most 5*, thus obtaining a metricaUy coarse extension of to 
U |$| by equivariance. Countable variance of that extension is easy to verify. 

It remains to show that (j) : jS*^") | U |$| ^ X x M is fiberwise proper. This foUows 
from the following general statement [2, Lemma 4.1; 24, Lemma 3.3]: 

Let f : M N he a, metrically coarse map between finite-dimensional, locally 
finite simplicial complexes M and N such that /|m(o) is proper, then / is proper. 
Since every point of M has distance at most 1 from M*^") and M is locally finite, 
a subset K C AI is relatively compact if and only if Bi{K) n M^^^^ is finite. Here 
Bi{K) denotes the 1-neighborhood of K. Now let B{n,r) C N he the ball of radius 
r around some n ^ N. Because / is metrically coarse, there is an 5 > such 
that Si(/^i(B(n,r))) is contained in f-'^{B{n,r + S)). Since / is proper on the 
0-skeleton, 

Si(/~i(B(n,r))) nM(°) C f^\B{n,r + S))nM^°^ 
is finite. Thus f^^{B{n,r)) is relatively compact, and / is proper. □ 

Lemma 2.39. Let M be aspherical. Let ^ = {Ai x Ui]i^i he a uniformly bounded 
!^-cover of X x M. Suppose ^{^)x is finite- dimensional for a.e. x £ X. Then 
there is a metrically coarse, geometric J%-map ijj : jV^^) X y. M. 

Proof. Let /' C / a set of F-representatives. Pick for every i G /' a point G Ui, 
and extend the definition of mi to i e / by 7771.; = m^i. Define -0 '■ 
X X M by sending (x,i) with x G Ai and i G / to {x,mi). For a.e. x G X the 
map tpx is proper since is locally finite, and ijj is metrically coarse since is 
uniformly bounded. Now extend ip to ,y\^{'^) using Theorem 2.38. □ 

Lemma 2.40. Assume that M is aspherical. Let (p : X x M X x M be a 
metrically coarse, geometric ^-map. Then there is a geometric ^-homotopy between 

Proof Apply Theorem 2.38 to extend the map (jyUid: X x M x{0,l}^XxM 
toXxMx[0,l]. □ 

3. Singular foliated homology 

3.1. The bundle of singular simplices of an .^-space. The bundle of singular 
n-simplices of an ^-space S is the disjoint union 

Sing„(i;) = ]J Sing„(S^), 

xex 

where Sing„(I]^) is the set of singular n-simplices of 'S^. The ^-action on E induces 
one on Sing„(I]). Let pr : Sing„(S]) X denote the natural projection. Since the 
space E has an ^-fundamental domain (see Remark 2.18), Sing„(E) has one as well: 
Take e.g. the set of singular n-simplices whose first vertex lies in the fundamental 

domain of S. ^ 

Note that in the case Y. = X x AI we have Sing„(E) ~ X x Sing„(M). 

Remark 3.1. Let $ be an ^-simplicial complex. Then there is a natural inclusion 
C Sing„(|$|) that maps (wq, . . . £ $1"'' C * ... * to the singular 
n-simplex A" l^^,], (to, . . . ,t„+i) ^o^o + • • ■ 

Of course, Sing„(E) for an ^-space E is not an X-space in the sense of Definition 
since its fibers are in general uncountable. Although Definition 2.5 thus cannot be 
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applied, we will define a transversal measure for certain subsets of ^\Sing„(I]): 
From a standard embedding we obtain an injection 

(3.1) $ : SingjS) ^ X x Sing„(A(/ x N)) 

with respect to which we define the following notion. 

Definition 3.2. A subset W C Sing„(S]) is admissible, if there exists a countable 
subset C C Sing„(A(/ x N)) such that ^(W) is a Borel subset of the X-space 
X X C. A subset W C .^^\Sing„(S]) is admissible if its puUback to Sing„(E) is 
admissible. 

By Lemma 3.5 below the property of being admissible and the Borel structure 
of an admissible set do not depend on the choice of (3.1). 

Remark 3.3. Obviously, intersections and countable unions of admissible sets 
are admissible. An admissible subset of Sing„(I]) is an X-space with respect to 
pr : Sing„(I]) — » X and carries, provided it is ^-invariant, a discrete ^-action 
since Sing„(S) possesses a fundamental domain. 

Definition 3.4. Let S be an ^-space. For admissible W C Sing„(I]) the function 
X I— > #(pr^^(x) n W) on X is integrable, and 

'^{W)= [ i^{pr-\x)nW)dn{x) 
J X 

is called the natural measure of W . Of course, v{W) equals the natural measure 
of (^{W) C X X C defined in Definition 2.4. As in Definition 2.5 one defines the 
transversal measure vtiW) of an admissible subset W C ^\Sing„(S). 

Lemma 3.5. 

a) Consider embeddings <f>i : Sing„(E) X x Sing„(A(/i xN)), i G {1,2}, as 
in (3.1). Then $i o : Sing„(S) — > Sing„(I]) maps admissible to admissible 
sets, and is Borel on admissible sets. 

b) Let (f> : 'E ^ ^ be a geometric 3^ -map. The map Sing„(0) : Sing„(I]) Sing„(<i>) 
induced by (j) maps admissible to admissible sets, and is Borel on admissible sets. 

Proof. We leave it to the reader to verify the assertions using Lemma 2.14 and the 
fact that the image of a singular simplex is compact. □ 

3.2. Singular homology of .^-spaces. The goal of this section is to introduce 
the singular foliated homology JifnC^) of an ^-space E. In spite of the notation one 
should think of c^(E) as being a homology group of the foliated space In 
fact, J^^(S) will be a singular version of the sheaf-theoretic tangential homology 
of measured foliations [29]. A homology class in J^(E) gives rise to a measurable 
family of classes in the locally finite homology of the leaves ^^(x) (see Defini- 
tion 2.19). However, the functorial properties (and the actual definition) of Jif^ can 
be easier given for ^-spaces than for their quotients. 

In the following E always denotes an ^-space. The restriction of the projection 
Sing„(S) —>■ ^\Sing„(E) to Sing„(E2;) is injective for x e X. By the identifi- 
cation J^'^{x) = Ej; we obtain an injection Sing„ (.if s(x)) ,^\Sing„(E) that 
only depends on the ^-class of x e X, that is, only on ^six) itself. Identi- 
fying Sing„(^5](ic)) with its image, we can view Sing„(^s(x)) as a subset of 
^\Sing„(E). 

Notice that, if the ^-action comes from a F-action (cf. Remark 2.3), then 
SingjE) = F\ Sing„(E) and ^\ Sing„(E) = F\ SingjE). 

Definition 3.6. A map a : A ^ ^\Sing„(E), where A C M is a Borel subset of 
finite Lebesgue measure, is called a foliated singular n-simplex of E, if it has the 
following properties: 
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a) The image mi(a) is admissible, and a : A hn{a) is an (im(cr), i'()-space in the 
sense of Definition 2.1. 

b) The Lebesgue measure coincides with the natm^al measure of the (im{a),h't)- 
space A. 

c) The set of singular simplices im(cr) n Sing„(^E(x)) is locally finite in J^'^{x) 
for a.c. X € X. 

The set of foliated singular n-simplices is denoted by ^„(S]). 

See Remark 3.11 below for comments. 

Remark 3.7. Since the natural measure of the (im(a), t't)-spacc A in the previous 
definition is finite, a.e. fiber oi a : A ^ ^\Sing„(I]) is finite. 

On each fiber we have the usual face operators di : Sing„(E3;) — > Sing„_]^(Sa;) 
and degeneracy operators Si : Smg„{J^x) — > Sing„^]^(Sa;) for i G {0, 1, . . . , ti}. 
They induce ^-equivariant maps, denoted by the same symbols, di : Sing„(S]) 
Sing„_]^(S) and Si : Sing„(I]) — > Sing„_,.]^(E). One immediately sees that di, Si map 
admissible sets to admissible sets and are Borcl on admissible sets. 

The set {^„(E)}„>o becomes a simplicial set by the face and degeneracy opera- 
tors. Like for any simplicial set, there is an associated (unnormalized) chain complex 
C,(E) with C„(E) = Z[^„(S)], and its differential d : C„(E) C„_i(E) is the 
alternating sum of face operators d = X]r=o(~-'^)'^*- 

Definition 3.8. For a singular foliated rt-simplex a the function 

:^\Sing„(S)^Z, 

is called the multiplicity function of a. We extend its definition linearly to elements 
in Z[^„(E)]. 

Remark 3.9. Note that cug- is supported in the admissible set im(tT). On im(cr), 
the multiplicity function cug- is only well defined up to null-sets (cf. Remark 3.7). 
Subsequent constructions that use multiplicity functions are insensitive to null-sets 
so that we can ignore this ambiguity. 

Let p G C„(I]). By condition 3 in Definition 3.6, the formal sum 

(3.2) p{x) = ujp{s)s 

seSing„(ifs(a;)) 

lies in C^(^s(2;)), which is the chain group of locally finite chains on ^^(x), for 
a.e. X G X. The assignment C„(S]) — > CJ[(^e(2:)), p ^ p{x), is compatible with 
the boundary operator meaning that the square 

(3.3) C„(S]) >CL'(^e(x)) 

d d 

C„_i(I]) >C^i(^s(x)) 

is commutative for a.c. x G X. Hence the chains whose multiplicity function vanishes 
a.e. form a subcomplex. 

Definition 3.10. The singular foliated chain complex '^^^(E) of S is the quotient 
of C*(S]) by the subcomplex of chains whose multiplicity function vanishes almost 
everywhere. The ?i-th homology of '^*(E) is denoted by =?^(E) and called the 
singular foliated homology of S. 
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Remark 3.11. In Definition 3.6, tlie condition that im{a) is admissible and on 
the measures are needed for tlie approximation results of Lemma 3.24 and Theo- 
rem 3.25. Without the condition of locally finiteness, the formal chains in (3.2) do 
not form a well-defined chain complex, which is essential for defining '^^.^(E). 

3.3. Functoriality and homotopy invariance. 

Theorem 3.12. The singular foliated chain complex, thus the singular foliated 
homology, of M -spaces is functorial with respect to geometric 3^-maps. 

Proof. Let : E — > $ be a geometric ^-map. Since is fiberwise continuous, it 
induces a map Sing„(0) : Sing„(I]) Sing„(<i>), which descends to a map on the 
quotients 3i\ Sing„(</)) : ^\ Sing„(E) ^\ Sing„($). Let cr : A ^ ^\ Sing„(S) be 
a singular foliated n-simplex. Wc have to show that (^\ Sing„(0)) o cr is a singular 
foliated n-simplex. 

Set V = im(cr), and let V denote the puUback of V to Singjj(I]). The set V is 
admissible. Moreover, V is an {X, /^)-space and carries the natural measure a — v*^ 
(see Definition 2.4). Let W = (^\ Sing„ ((/>)) (V^), and let W be the puUback of W 
to Sing„($). By Lemma 3.5, W and W are admissible, and Sing„((/)) : ^ is 
a map of X-spaces. Let (3 = he the natural measure of W as an {X, yLt)-space. 
Further, let at, (it be the transversal measures of a,/?, respectively. Viewing V as 
an (W,/3)-space via Sing„(<?!)) and, similarly, V as an (W, /3j)-space, consider the 
natural measures v^^ on V ,V respectively. Since Sing„((/))|y is a map of X- 



spaces, a 
hence at - 



foliated simplex, A 
natural measure A 



The puUback of an ^-fundamental domain oiW ioV is one of V , 
. Let A be the Lebesgue measure of A. By definition of a singular 
Natural measures are transitive in the sense that the 
= v^'^t ' on A as an F-space via cr equals the natural 



measure v^* of A as an VF-spacc via Sing„(0)) o cr. Thus, A = v^* as desired. 
Since is proper on the fibers, the quotient map —* is proper on leaves; 
hence (,^\ Sing„(0)) o cr satisfies the third property of Definition 3.6. 

To sum up, (j) induces a well-defined map =5^„(S) <5^„($) and, by linear exten- 
sion, C„(I]) C„($). The latter descends to a map '^„(S) — > ^„($), which follows 
from the following observation, which we record in a Remark for later reference. □ 



Remark 3.13. The assignment C„(S) -> C^^X-^^{x)), p ^ 
to ^„(S;) C^^i^^ix)). Let : S ^ $ be a geometric . 
verifies that the induced map 'rfn [4') is compatible with p i 
the square (cf. (3.3)) 



p{x) in (3.2) descends 
-map. Then one easily 
■ p{x) in the sense that 



(3.4) 



<r„(I])^'c«(ifs(x)) 



^n($ 



x\-^p{x') 



'iGl{^^{x)) 



commutes for a.e. x ^X. 



Next we present (in an informal way) a general principle that allows to transfer 
proofs from ordinary homology to singular foliated homology. 

Remark 3.14 (Extension principle). Let be a functor 

: {top. spaces} {chain complexes} 

where F^{Y) is C*(F),C*(F x [0,1]) or C*+i(F). Instead of formahzing the ex- 
tension principle in greater generality, we stick to these cases. Let G* be another 
such functor. Suppose there is natural transformation : F* — > G*. Let F^^ and 
G'J be the locally finite versions of and G*, respectively: If e.g. F^{Y) ~ C*(F), 
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then FI^{Y) = C'J(F). By naturality we have a commutative diagram for a singular 
p-simplex s : —^ Y: 

(3.5) F,{Y)^^G,{Y) 

If e.g. Fp{Y) = Gp{Y) = Cp{Y), we have ujp{Y){s) = Cp(s)(a;p(AP)(idAp)) ■ So 
"supports of simphces are not enlarged" . As a consequence (similar for all other 
examples of F and G), uj^ naturally extends to F^ — > G|f. Now let 

: {.^-spaces} {chain complexes}, i G {0, 1}, 

be the corresponding versions of F and G, respectively, for ^-spaces, that is, if e.g. 
F{Y) = C*(r), then ^(S) = <^,(E) for an i^-space S. 

Then lo gives rise to a natural transformation f2 : ^ — > such that for every 
i^-space S the diagram 

(3.6) jrp(E)"-^Vif(^s(cc)) 

5^p(E)"-^Gjf(^E(x)) 

commutes for a.e. x G X and all p > 0. 

We illustrate the idea for the case Fp{Y) = Gp{Y) ~ Cp{Y). Pick oi, . . . , a,„ £ Z 
and si, . . . , s,n G Singp(AP) such that ujp{AP) = X]i=i ^i'Si- Let E be an ^-space 
and (7 : A ^ ^\ Singp(E) be a foliated singular p-simplcx. Then ^l is defined by 
flp{'E){a) = X^i^i '^iPi where pi : A ^ Singp(S) is given by the composition 

A ^ Singp(S]) ^^^^ ^\ Singp(E). 

Theorem 3.15. Geometric ^-maps that are geometrically ^-homotopic induce 
the .same map in .singular foliated homology. 

Proof. It suffices to show that the two inclusion maps iq, ii : E — > E x [0, 1] given 
by ^0(2;) = ix,0) and ii{x) = (x, 1) induce chain homotopic maps on the singular 
foliated chain complexes. 

By [37, Theorem 3 011 p. 174] there is natural transformation : F» — > G, 
of the functors Fp(Y) = Cp{Y) and Gp{Y) = Cp+i{Y x [0, 1]) such that D^{Y) is 
a chain homotopy between the chain maps induced by iq and ii. An application 
of the extension principle yields a corresponding chain homotopy for the singular 
foliated chain complexes. □ 

3.4. Support mass. Throughout, let E be an ^-space. By Definition 3.6, the 
support supp(wp) C ^\Sing„(E) of the multiplicity function LUp (Definition 3.8) 
of an clement p G ^^n(S) is admissible, and ujp is integrablc with respect to the 
transversal measure vt (Definition 3.4). 

Definition 3.16. The support mass of p G '^ri(S) is defined as 

mass(p) = ^'t(supp(wp)). 

Note that the support mass of a foliated singular simplex a : A ^ ^\ Sing„(E) 
is finite since mass((T) < A(^) < 00 by Definition 3.6. 

Lemma 3.17. For all p, p' G '^n(S) we have mass(yO + p') < mass(p) + mass(p'). 
Proof. This follows from supp(a;p+p' ) = supp(a;p +a;p/) C supp(a;p)Usupp((j;p'). □ 



Gp(s) 
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Note that the support mass is subadditive but not a norm since mass{dp) = 
mass(/9) for p g '^n(S) and d G Z. 

Definition 3.18. The support mass of a homology class in J^j(S) is the infimum 
of support masses of its representing cycles. We use the same notation mass(K) for 
the support mass of a homology class k. 

Remark 3.19. Let $ be an ^-simplicial complex, and let p G "^nd^l). Assume 
that ujp is supported in ^\$'-"^ C M\ Sing„(|(f>|) (for this inclusion see Remark 3.1). 
Then we have 

mass(p) < i/t(^\$(")) = {n+ 1)! • cr„($). 

Lemma 3.20. The homomorphisms '!^*((/)) and J^((/)) that are induced by a geo- 
metric M-map (j) do not increase the support mass. 

Proof. Let : S $ be a geometric ^-map and p G '^„(S]). Let p' — ^^n{4'){p)- 
We need only show that 

(3.7) ^'t(supp(^^p')) < i^t (supp(tjp)) . 
First one verifies leafwise using diagram (3.4) that 

(3.8) supp(u;pO C (^\Sing„(0))(supp(c..p)). 

Then (3.7) is a consequence of the following general fact about transversal measures: 
By changing notation, let E and $ denote {X, /i)-spaces with discrete .^-actions, 
and let (/) : E $ be an ^-equivariant map of X-spaces. Let A C be a Borcl 
subset. Then 

(3.9) vt{{M\(f){A)) <vt{A). 

The corresponding assertion i'{(j){B)) < v{B) for i? C E and the natural mea- 
sure V is clear from Definition 2.4. Now (3.9) follows from the fact that if ^ is a 
fundamental domain for then (/)~^(^) is one for E. □ 

Lemma 3.21. Let E, $ and (j) as in Lemma 2.23. Let k G ^^„(|E|) be a cycle such 
that Uk is supported in ^\E'^"\ Then ^i(|(/)|)([k]) G M'n{\^\) has support mass at 
most (n + 1)!^ • (T„(<i>). 

Proof. For every topological space N, there is chain map Y^,{N) : C^,{N) C^,{N) 
that realizes barycentric subdivision [6, p. 224]; is natural in and thus a 
natural transformation in the sense of Remark 3.14. The elementary properties of 
are [6, p. 225]: 

a) Let a : ^ be degenerate in the sense that there is a surjective affine 
and vertex-preserving map a : — > A'' with q < p and a singular g-simplex 
a' -.Ai ^ N such that a = a' o a. Then {Yp{N)) (a) = 0. 

b) (>^(AP)) (idAp) is a linear combination of the affine simplices of the barycentric 
subdivision of A^. 

c) is naturally chain homotopic to the identity. 

The first property is not explicitly stated in [6] but follows from naturality and 

(3.10) (yp(A«))(7fT) = sign(7)(rp(A^))(a) 

for 7 G S((7 + 1), a : AP Ai and the natural S{q + l)-action on A^. As Fp(A'?) is 
inductively defined [6, p. 224], Equation (3.10) can be easily proved by induction 
over p. 

By the extension principle (sec Remark 3.14), Y gives rise to a natural transfor- 
mation '3(t on the singular foliated chain complex. Set p = '^„(|0|)(k) for k as in 
the hypothesis. Since (j) is simplicial, we can decompose p as p = pi + p2 such that 
Wpj is supported in the degenerate simplices and uip^ is supported in ^\<I>("^. The 
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first and third property of Y* and the analogous one of imply that the homology 
classes satisfy 

[p]=[(^r„(|<i>|))(p)] = [(^,(|$|))(p2)]. 

By the second property the multiplicity function of (^^(|$|)) (P2) is supported 
in ^\sd($)(") C i^\Sing„(|$|). By Remark 3.19 we finally get 

mass([p]) < + 1)! • cr„ (sd(*)) = (n + 1)!^ • cr„($). □ 

For the rest of this Subsection retain the setting of Assumption 1.2. The goal is 
to define a notion of support mass on H^(Af; L°°(X; Z)) and to compare it with 
the one on x M). 

Definition 3.22. Let p : M M be the natural projection. The choice of a 
F-fundamcntal domain ^ C Sing„(Af) gives rise to an isomorphism C„(M) ^ 
Zr ®z C„(A/) of left ZF-modulcs that maps s S 7^ to 7 o s. So we get the 
isomorphism 

(3.11) L°°(X; Z) (giz C„(M) = L°°(X; Z) ®zr C„(M). 

For si, . . . , Sfc G Sing„(M) with ^ Sj for i ^ j and /i, . . . , € L°°(X; Z) we 
define 

k k 

mass(^^ /, (g)z := ^ ^(supp(/i)) 

i=l i=l 

as the support mass of the chain fi ®z Si. The support mass of elements in 
L°°(X; Z) (g)zr C„(M) is then defined via (3.11). The support mass does not depend 
on the choice of The support mass of a homology class of H^(M; L°°{X; Z)) is 
defined as the infimum of support masses of representing cycles. 

In the sequel we use the term isometric in the sense oi preserving support masses. 

Lemma 3.23. The chain homomorphism 

A, : L°^{X;Z) ®z C,(M) ^ "^^X x M) 

that is uniquely determined by 

XniXY ® s) = (a : r\Y) ^ T\{X x Sing„(M))) wtth a{y) = (j(y),s). 

for Y <Z X Borel, s G Sing,j(A/) and a measure preserving Borel isomorphism 
j : [0,1] X does not depend on the choice of j . Further, descends to an 
isometric map denoted by the same symbol 

K :L°°(X;Z) ®zr C.(M) ^ ^*(X x M). 

Proof. This is a matter of straightforward verification. □ 

Lemma 3.24. Let p G %,{X x M) and e > 0. Then there is c e L°°(X;Z) ®zr 
C„(il/) such that mass(p — A„(c)) < e. 

Proof. Without loss of generality, we can assume that p : A ^ Si\{X x Sing„(Af)) 
is a foliated singular simplex. Let ^ C Sing„(Af) be a F- fundamental domain. 
After identifying X with F\(X x Sing„(A/)), there is a countable set S = 

{si, S2, . . .} C ^ such that im(p) C X x S". For r, s > set 

M/^^,, {(a;,s,); a; e #p^^(x,s,) < r, 1 < i < s} C X x S*. 

Let Ar^s = P~^{Wr,s)- The sets Wr.s form a directed system whose union is im(p). 
Thus for sufficiently large r, s 

mass(p - pU,,J = mass(p|A-A,,J < A(^ - A,s) < e, 
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where A is the Lebesgue measure. It remains to show that p\a^ ^ G im(A„). Fix r, s. 
There is a Borel partition Ar^s = [jk<r i<s ^k,i such that im(cr|B^ ,) (Z X x {si} 
and c^|B^. , is injcctivc (theorem of selection; see e.g. [33, Lemma 3.1] for the version 
needed here). In particular, crlsk i is a measure preserving Borel isomorphism B^^i — s- 
Xk^i = Xk^i X {si} onto its image Xk.i. The chain 

Cr^s = J2 ® ^ L°°(X;Z) ®zr C„(M). 

k<r,l<s 

satisfies A„(cr.s) = pU^.s- ^ 

Theorem 3.25. T/ie homomorphism H„(A*) : H^(M; L°°(X; Z)) ^ .^(X x M) 
is isometric. 

Proof. Let p S ^„(X x M) and c e L°°(X;Z) ®zr C„(M). Let e > 0. Since A„ 
is isometric, J^ni^*) does not increase support masses. It remains to show: If p 
and A„(c) are homologous, then there is a chain ci G L°°(X;Z) (X)zr C„(M) that is 
homologous to c and satisfies 

mass(ci) < mass(p) + e. 

Let K S 'rfn+i{X X M) be such that p = A„(c) + dn. By Lemma 3.24, we find cq 
with mass(A„+i(co) — k) < e/(n + 1). Then ci = c + dco satisfies 

mass(ci) ~ mass(A„(ci)) 

< mass(/9) + mass(c?(A„+i(co) — k)) 

< mass(p) + (n + 1) mass(A„+i(co) — k) < mass(p) + e. □ 
3.5. Fundamental classes. We retain the setting of Assumption 1.3. 
Remark 3.26 (Fundamental classes). Let 

: a(M) = Z®zr C^M) ^ L°°(X;Z) ®zr C,(M) 

be the map coming from inclusion of constant functions. Let A* be the map from 
Lemma 3.23. Let [M] € H„(M) be the fundamental class of AI. By convention, the 
images H„(j,)([M]) G H^(M; L°°(X; Z)) and ff„(A* o j,)i[M]) e Jifn{X x M) are 
also called fundamental classes. 

Moreover, \^n{j*) is an isomorphism if and only if the F-action on (X, /i) is 
ergodic: By equivariant Poincarc duality, 

H^(M;L°°(X;Z)) = H^(M; L°°(X; Z)) = h°°{X]%)^, 

and H„(j*) corresponds to the inclusion Z L°°(X;Z)'" of constant functions 
under this isomorphism. 

Remark 3.27 (Foliated simplicial volume). We point out the relation to Connes's 
simplicial volume for foliations. Suppose for the moment that the '^n(S) is defined 
by chains with real coefficients, that is, as the quotient of M[o5^„(S)] by the chains 
with a.e. vanishing multiplicity function. Consider the following norm on 'i^'„(E) 

IpI = / kpl- 

By Definition 3.6, the norm [ctI of a foliated singular simplex ct : A — *■ ^\ Sing„(E) 
equals the Lebesgue measure \{A) of A. The norm on '^n(5]) induces a semi- norm 
on JlfnC^) by taking the infimum of representing chains. Let M be as in the previous 
remark. The norm of the fundamental class in .Jifn [X x M) is the foliated simplicial 
volume of the measured foliation r\(X x Af), which is attributed to Connes and 
described by Gromov in [20, section 2.4.B]. 
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4. Proof of Theorem A 



4.1. ^-covers with controlled multiplicity. In this section we construct the 
i^-cover needed in the proof of Theorem A foUowing the strategy in Section 1.3. 
By convention, if B{R) denotes a metric ball of radius i? in a metric space, then 
B{R') denotes the concentric ball of radius R'. 

Theorem 4.1. Let M be a Riemannian manifold and {X,fi) be a probability T- 
space as in Assumption 1.3. Assume further the following packing inequality: There 
is a constant Nq G N such that each ball of radius 1 in M contains at most Nq 
disjoint balls of radius 1/16. Then there are countable families {Ai}ii=i of Borel 
subsets of X and {_Bi(3/16)}ig/ of balls of radius 3/16 in M such that 

a) ^^(3/16) {A, x B,(3/16)}ie/ is an ^-covering of X x M, 

b) := {Bi{\/'i)\x G Ai\iizi has multiplicity at most Nq for a.e. a; G AT. 

For the proof we need the following easy lemma. 

Lemma 4.2. Let (A, /i) and T be as in Assumption 1.1. Let 7 G r\{l}. Let A d X 
be a Borel set with ^.{A) > 0. Then there is a Borel subset A' <Z A with /i(A') > 
such that n{"/A' n A') = 0. 

Proof. By [38, Theorem 3.2], A is equivariantly Borel isomorphic to a F-invariant 
Borel subset of a compact metric space Y with a continuous F-action. Thus we 
may assume that X C Y, and the measure /i is extended to Y by zero. By Ulam's 
theorem [9, Proposition 8.1.10 on p. 258], /j, is regular on Y. 

Upon subtracting a null set from A, we can assume that 7a; ^ x for all x £ A. 
Next we show that there exists xq G A such that fi{A Ci U) > for every open 
neighborhood U of xq. Arguing by contradiction, suppose that every x € A has an 
open neighborhood Ux with iJ.{AnUx) = 0. This yields IJ,{K) = for every compact 
K C A, thus n{A) = by regularity. Let U, V be disjoint, open neighborhoods 
of xq and jxq, respectively, such that ■yU C V. Then A' := A f) U satisfies the 
conclusion. □ 

Proof of Theorem 4-1- An ^-packing by balls of radius r is, by definition, an M- 
packing whose sets are of the type A x B where i? is a ball of radius r. We say 
that an ^-packing = {Ai x Si(l/16)}ig7 of A x M by balls of radius 1/16 
is non- equivariantly maximal if there does not exist a Borel subset A C X with 
^i{A) > and a ball B(l/16) C M of radius 1/16 such that 



First claim: For every A C X with ^i{A) > and every finite F C F with 1 ^ F 
there exists A' C A with ii{A') > such that fj,{A' n jA') = for aU 7 G F. 

Let F = {71, . . . , 7„i}. Apply Lemma 4.2 repeatedly to obtain Borel sets Ai, . . . , Am 
of positive measure such that Ai^i C Ai and ii{Ai n •jiAi) — 0. Set A' :— Am- 

Second claim: If is not non-equivariantly maximal, then there exists a subset 
A' C A of positive measure and a ball 5(1/16) of radius 1/16 such that 



(4.1) 




A' X B(l/16) c A X M\\jAi X Si(l/16), 



and U {7^' X 7S(l/16)}^er is still an ^-packing. 
Pick A X B(l/16) as in (4.1). The set 

Fs = {7 G F; 7 ^ 1, 7^(1/16) n B(l/16) ^ 0} 
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is finite since F acts properly on M . Now A' is obtained from the first claim with 
F = Vb- _ 

The set of ^-packings on X x M by balls of radius 1/16 is partially ordered as 
follows: < if and only if for every A x B E ^ there exists A' C X Borel such 
that A = A' up to null-sets and A' x B gY. 

Let {'^k}keK be a totally ordered family of ^-packings by balls of radius 1/16. 
Let '^k — {Ai X Bi}i^i^. There exists an upper bound of {'^k}keK' Set / := 
Ufce-R" (disjoint union). For i,j € /, say i ~ j if and only if Ai — Aj up to null 
sets and Bi = Bj. Let J be a F-invariant, complete set of ^-representatives. Then 
= {Aj X Bj}jizj is an ^-packing and an upper bound of {'^k}k£K- 
By Zorn's lemma there exists a maximal element ^ (1/16) = {Aj x Bj{l/16)}j^j 
(now a different J). By the second claim, ^^(1/16) is non-equivariantly maximal. 
We may and will assume that /i(^j) > for every j G J. By Lemma 2.29, J is 
countable. 

It remains to show that ^ (3/16) and ^(1/4) have the stated properties. If there 
exist m G M and A C X with /i(A) > such that 

ix,m) ^[JAjX Bj(3/16) 

for X G A, then 

A X B{m, 1/16) r\[jAjX Bj(l/16) = 
ieJ 

for the ball B{m, 1/16) of radius 1/16 around m contradicting non-equivariant max- 
imality. It immediately follows from the packing inequality on M and the fact that 
'^(l/16)a; is a packing for a.e. x E X (Lemma 2.29) that ^/(l/4)j. has multiplicity 
at most Nq for a.e. x £ X . □ 

4.2. The map to the nerve. 

Assumption for Subsection 4.2. Retain the setting oj Assumption 1.3. Further, 
we assume throughout this section: 

• Let M be equipped with a Riemannian metric such that the induced metric on the 
universal cover M satisfies the following packing inequality: There is a constant 
Nq such that for r < 1 each ball of radius 1 in M contains at most NQr~"' balls 
of radius r. 

• Let^ = '^(1/4) = {AiXBi{l/'i)}i(=i be the ^ -cover constructed in Theorem 4-1, 
which has multiplicity < Nq (in fact, < 16~"'No). 

• We regard the nerve jV{'W) as an 3^-simplicial complex, and we write \ jV{'^)\ 
for the corresponding 3^ -space (realization), which we equip with length metric 
(see Remark 2.16). Recall that there is a standard embedding jV{'W) G X x 

(see Remark 2.31). 

We now define a geometric ^-map (f) : X xM \,A'{'^)\ such that (t)^ is induced 
by a partition of unity of '-^x for a.e. x <=i X. For i G / define : M [0, 1] by 

{1 if 771 G (3/16) 

1 - 16d(m,Bi(3/16)) if 777 G B,(1/4)\B,(3/16) 

if 777 ^5,(1/4), 

and let 



(4.2) (t){x,m) = [x,— \-—-—-y^XAi{x)(t)i{m)i 



' Y.ieiXAi{x)(l)i{m) 
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where XAi denotes the characteristic function of Ai. Since 'Wx is locally finite for 
a.e. X S X, (px is proper. Lemma 2.28 b) implies that is of comitable variance, 
and equi variance of (p is obvious. 

The goal of this subsection is to show the following theorem whose proof is given 
after a sequence of lemmas. 

Theorem 4.3. Let (p he the map in (4-2). There is a constant const„_jvo i^'^i only 
depends on n and Nq (but not on M) such that the image under JiCn{4>) of the 
fundamental class in J^n{X x M) (cf. Remark 3.26) has support mass at most 
const jvo.ji vol(Af). 

Lemma 4.4. For every k > we have (Jk{^{^)) < oo (cf. Definition 2.9). 

Proof. By compactness of M, we may choose a complete set /' C / of F-reprcsentatives 
such that Uig/' is relatively compact. Let K be the compact closure of 
Uie/' Bi{?>/A). Let be ^ as in Equation (2.5) in the proof of Lemma 2.34 with 
Ui = Bi{l/A). If (a;,zo,...,ifc) € ^x, then Si,(l/4) C K for / e {l,...,fc}. Since 
the sets _Bi, (1/16) are disjoint (by the proof of Theorem 4.1) and there is an upper 
bound for the number of disjoint balls of radius 1/16 that are contained in K , there 
is a constant < C < oo such ij^^x < C for a.e. x € X. Then Equation (2.6) yields 
the conclusion. □ 

Lemma 4.5. There is a constant constArj, that only depends on Nq such that the 
map (f>x from (4.2) has Lipschitz constant < const jVo for a.e. x £ X. 

Proof. For a.e. x € X, (jjx is the map from M to the at most A^o-dimensional 
nerve of '^x induced by the partition of unity {(pi] i € I,x S Ai\. A standard 
computation [2, Lemma 4.6; 3, Proposition 1] shows that 4>x has a Lipschitz constant 
bounded in terms of TVq and the Lebesgue number of 'Wx (= 1/16 in our case). □ 

Definition 4.6. Let S be an ^-simplicial complex and s £ S^*^'. We let \s\ C |E| 
denote the geometric fc-simplex corresponding to the (combinatorial) fc-simplex 
s £ S*^*^^. The interior of |s| is denoted by \s\. 

For the proof of Theorem 4.3 we need the following general definition and lemma. 

Definition 4.7. Let e > 0. Let w : |$| ^ |*| be an geometric ^-map. Let E C 5'^''^ 
be an ^-invariant Borel subset. A family {P^}s£s of points £ \s\ is called a 
family of e-projectors for w if the following conditions hold: 

a) {P'^lsfEE C 1*1 is admissible. 

b) distance d{P^ ^ im(ti;) n \s\) > e for a.e. s G S. 

c) {P^}s£j: C I^*! is an ^-invariant subset. 

For a) notice that {P*} can be seen as a subset of Singgd^*!) and admissible is 
understood in the sense of Definition 3.2. In b) we set d(PJ, 0) = oo. 

Lemma 4.8. Let : |$| ^ be a geometric ^%-map that lands in the k- 

skeleton, and let S C '^^^^ be an ^%-invariant Borel subset. Let {P^jses be a family 
of e-projectors for uj. Define ip : |<I>| — > \^\ to be the map obtained from lo by post- 
composition with the radial projections (within \s\) from P* to the boundary d\s\ 
for every s £ Y,. We say that ijj is obtained from uj via {P^}. Then the following 
holds or holds a.e., respectively. 

a) ip is a geometric M-map. 

b) Assume that e > 0. Lf Ux has a Lipschitz constant C > 0, then ipx has a Lipschitz 
constant C/e. 

c ) The ipx -preimage of the open star of any vertex is contained in the corresponding 
LOx-preimage. 
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d) There is geometric 3£ -homotopy between tu and ip. 

Proof. The proof that ij: is of countable variance is straightforward and follows from 
the fact that {P*} is admissible. It is clear that ij) is ^-equivariant and continuous 
on fibers. Since '0x is an approximation of uJx, Lemma 2.24 implies that ip is & 
geometric ^-map, which is geometrically ^-honiotopic to lj. For the same reason 
assertion c) is true. The radial projections |s|\i3£(P^) ^ d\s\ C \s\ have Lipschitz 
constant < e^^. Using the fact that the metric on is a length metric, one easily 
sees that ip^ has Lipschitz constant < C/e for a.c. x & X. □ 

Lemma 4.9. Let u; : X x AI ~> \.yV (^)^^^\ he a geometric 3i-map such that 
a;~^(star(i)) C i?i(l/4) for a.e. x ^ X and every vertex i G I in jV(fl/\x- Let 
E C be an ^-invariant subset such that 

sup d{z,im{Lu) fl |s|) > e for s G S. 

2G|s 

Then there exists a family of e/2-projectors for to. 

Proof. By compactness of Af, we may choose a complete set /' C / of F-representatives 
of / such that IJiG/' -^^(l/^) relatively compact. Let K be the compact closure 
of UiG/' ^i(3/4). Let =^ C S be an ^-fundamental domain such that every s € ^ 
has a vertex in /'. Referring to the embedding jV(f^ ) C X x A(/) of Remark 2.31, 
^ is a countable, disjoint union of Borel sets X^ x {sp}, p > 1, where X^ C X and 
Sp S A (7)'^'^) has at least one vertex in /'. We have cj^r^dsj) C K, thus 

(4.3) t^,(M)n|s| =c^,(i^)n|.s|, 

for a.e. x ^X and every s G Let X = Uje/ be a countable Borel partition 
such that every restriction Lo\xjy.K is a product map. By (4.3) the set 

M(j,p) :=cj,(M)n|sp| 

is constant for a.e. x G Xj n X^. By assumption wc can pick a point G |sp| for 
every j G J and every p > 1 such that 

d(Pf,M(j,s))>e/2. 

For s = (x, Sp) G ^ with x G nXp define P^ -P/- Extend the definition of P^ 
to s G S by equi variance. Then {P*} is admissible and a family of e/2-projectors 
for uj. □ 

The following is a version of [19, Lemma D, Section 3.4] in the context of Si- 
spaces. 

Lemma 4.10. There exists a geometric S^-map ip : X x M (fi/)'^'^^ | into the 

n-skeleton such that for a.e. x ^ X 

a) ip and 4> as defined in (4.2) are geometrically M -homotopic, 

b) ipx has a Lipschitz constant C = C{n,NQ) that only depends on n and Nq, and 

c) the ^x-pfeiniage of the open star of the vertex i £ I in \ jV{'^)x\ is contained in 
P,(l/4). 

Proof. Since 'Wx has multiplicity < A^o, the map (p lands in the TVo-skeleton. If 
-^0 < setting ijj = (p will do. Let iVo > n. We inductively construct geometric 
^-maps 

for fc = 0, 1, . . . , A^o — satisfying a), b) and c). Set = (/>. Let < k < Nq — n. 
Assume ip^'^'^ is already defined; wc will define i/iC^+i) as a map obtained from ip^'^^ 
via a family of e-projectors {P''} s^^{'^)('^o-i'} for ip^'^K If such a family {P"} exists 
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with an e > that only depends on n and Nq, then the resulting map has the 

desired properties by Lemma 4.8. For s € let M{x,s) = ipi''\M)r]\s\. 

To apply Lemma 4.9 and finish the proof, it remains to show that for a.e. x d X 
and every s G ^{'^yf"''''' 

(4.4) e^,, := sup d{z,M{x,s)) 

ze|s| 

is bounded from below in terms of n and A^o- We set ex,s = oo if M{x, s) = 0. We 
may and will assume that ex,s < 1/4. Since the n-dimcnsional Hausdorff measure 
of vi'^W) n |s| is finite by the area formula for Lipschitz maps [30, Chapter 3] 
whilst the n-dimcnsional Hausdorff measure of \s\ is infinite, M{x, s) must miss a 
point in |s|, thus e^,,,, > 0. There is a constant D > only depending on n and Nq 
such that there are 

(4.5) m > 

disjoint e^^^^-balls in ^('^)(^°~'^^ with centers in M{x,s): To see this, pick a 
maximal packing by ea;,s-balls B[{ex,s), • ■ • , B'^{ex,s) whose centers lie in M(a;, s). 
By (4.4), \s\ is covered by B[{3€x,s), ■ ■ ■ , B'j^{3ex,s)- A volume estimate yields (4.5) 
for D only depending on n, Nq. 

Each open ball B'i^(ex,s) hes in the union of open stars of vertices of s. Hence 
the ■!/'i'^''-preimages of the open balls B[{ex,s), • ■ • , B'j^{€x^s) arc contained in a ball 
of radius 3/4. Each preimage contains a ball of radius r — Ex.sC^^, where C is the 
Lipschitz constant of ip^'^\ By the packing inequality, to < iVor^" = NqC^^e"^^. 
Combined with (4.5) one obtains 



□ 



Proof of Theorem 4-3. Let ip be the map from Lemma 4.10. Let e > be given. 
For m > 1 define 

S := {s e ^('^)("); |s| gL im(?A)} 

S,„ -.^ {s e ^('^)("); sup d(z,im(^) n \s\) > 1/m}. 

z6|s| 

Since im{'ip) n \s\ is closed by properness of V', s £ S implies that there is m > 1 
with s G Em- Let vt denote the measure defined in Definition 2.5. We obtain that 

(4.6) lim iytiM\^m)^M-'^\^)- 

m — >oo 

Since vt{Sf\Y,) < vt{J^\jV (^^y) < cx) by Lemma 4.4, there is m > 1 large enough 
such that i^t(^\(I]\Sm)) < e. By Lemma 4.9 there is a family {P'^jsgs^ of l/(2m)- 
projectors for '0. Let -0' be the map obtained from i/' via {P*}sgs„, • Define 

^mt {s e ^(^)("); |s| n im(V') ^ 0}. 
:={se^(^)("); |l| Cim(Vy)} 

For s G ^(^)(") define 

2?(s) :=V'-'(|J|). 

If s G '^fuU, we have D(s) = V'~^(I'S|) and V''Id(s) = 0|_d(s)- In particular, if 
s G Tifuiu then 'i/''l-D(s) lias the Lipschitz constant C from Lemma 4.10, and by the 
area formula [30, Chapter 3] 

(4.7) vol(A") = vol(V''(£'(s))) < C" vol(L>(s)). 
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By definition of ip' we liave 

(4.8) C S\S,„UE/„i,. 

We equip X x M with the product of fi and the Riemannian measure on M. Any 
^-fundamental domain of X x M has measure vol(A/). Let ^ be a S{n + 1) x ^- 
fundamental domain of Tihit- As usual, let — )!"'' for x ^ X. Since the 

disjoint union IJ^g^ -D(s) is contained in an ^-fundamental domain, its measure 
is at most vol(M). Fubini's theorem yields 

(4.9) I ^ NQ\{D{s))d[i.{x) < vol{M). 

By Lemma 4.8 the maps ip'^, x £ X, have a Lipschitz constant Cm, so ^p' has a 
positive Lebesgue number (see Definition 2.25). Upon subdividing the triangulation 
on M, the map tp' has an ^-simplicial approximation t/j" by Theorem 2.26. Note 
that im(V'")^"^ C T.hit- Thus, 

tT„(im(^")) = J^t(S(n + 1) X .^\im(i/^")) 

< i/t(S(ji + l) x^\Sft,t) 

< iyt{S{n + 1) X .^\(E\S™)) + z.t(S(n+ 1) x ^\{Eh^t n Jlfuii)) by (4.8) 



< e , f ^ ^„vol(i?(s)) 



V by (4.7) 

(" + !)• vol(A") 

<^^ + C"^^- by (4.9) 

- {n + 1)1 vol(A") ^ ' 

We apply Lemma 3.21 to S = X x M, $ = im(7/;") and the map 'ip" . The triangula- 
tion of M naturally gives rise to a cycle k! £ C„(M) representing the fundamental 
class. Let k be the image of k' under 

C„(A/) = Z C„(M) ^ L°°(X; Z) ®zr C„(M) ^„(X x M), 

where j„ is the map from Remark 3.26 and A„ is the map from Lemma 3.23. Then 
K satisfies the hypothesis of Lemma 3.21. Since e > can be taken arbitrarily small 
in the estimate above and ^j(0) = Jffni'P"), Lemma 3.21 yields Theorem 4.3. □ 

4.3. Conclusion of proof. 

Proof of Theorem A. For M as in the hypothesis and F = 7ri(M) pick a probability 
space {X,fj,) as in Assumption 1.1. For example, we can always take {X,fi) = 
({0, 1}'", Heq) where ^eg is the infinite product of the measure (1/2, 1/2) on {0, 1}. 

By Theorems 4.1 and 4.3 there are an ^-cover on X x M and a geometric ^- 
map (j): X X M ^{'^) such that for the fundamental class [M] in J^(X x M) 
we have 

mass(j^((/))([M])) < constc,„ vol(M), 
where constc^„ only depends on the dimension n and the constant C of the packing 
inequality. Because of Lemma 4.5 is metrically coarse, and, by construction, 
is uniformly bounded, and ,A^(^) is finite-dimensional. By Lemmas 2.39 and 2.40 
there is a metrically coarse, geometric ^-map V ■ ^('^) X x M such that the 

composition X x M ^ jVifi/) ^ X x M \& geometrically ,^-liomotopic to the 
identity. By Lemma 3.20 we have 

mass([A'/]) = mass(=?^(?/' o 0)([M])) < mass(j^(0)([Af])) < constc,,i vol(M). 
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Now Theorem A foUows from Theorem A.l in the Appendix. □ 

5. Proofs of Theorems B and C 

5.1. ^-covers from the Ornstein-Weiss-Rokhlin lemma. The crucial ingre- 
dient in the proofs of Theorems B and C is the generalized Rokhlin-Lemma of 
Ornstein and Weiss. 

Theorem 5.1. [31, Proposition 4 and Theorem 5; 32, Theorem 5 in II. 2] 
Retain Assumption 1.1. Assume that V is amenable. Let e > and (5 > 0, and let 
K C T be a finite subset. Then there exist an N G N, independent of 6 and K , a 
sequence of (K, 6)-invariant subsets Hi, ... , H^ and Borel subsets Bi, . . . , Bn C X 
such that 

a) {jBi; 7 £ Hi} are e-disjoint for every i £ {1, . . . , N} , 

b) the sets Ri := HiBi are pairwise disjoint, and 

C) l^{[jllR^)>^~^■ 

We say that Borel sets Ai, . . . , An C X are e-disjoint if there are pairwise disjoint 
Borel subsets A- C A^ with fi{A[) > {I - e)fi{Ai). For subsets D,K cT wc define 

OkD {7 eD; 3X e [K U R-^) : A7 ^ D}, 

and we say that D is (K,S) -invariant if 

#dKD , , 

We need the following modified version of the previous theorem, which is nothing 
new. Here e-disjointness is replaced by disjointness but N now depends on the whole 
setup. For convenience we include a proof. 

Theorem 5.2. Retain Assumption 1.2. Assume that F is amenable. Let e > and 
(5 > 0, and let K GT be a finite subset. Then there are an N G N and a sequence of 
{K, S) -invariant subsets Hi, . . . , Hn and Borel subsets Ai, . . . , An C X such that 

a) {"fAi] 7 G Hi} are disjoint for every i G {1, . . . , N}, 

b) the sets Ri HiAi are pairwise disjoint, and 

c) M(Uti^'0>l-^- 

Proof Set So := S/2 and eo := min{l/2, e/2, So/{2#K + 1)}. From applying Theo- 
rem 5.1 for the constants Cq, Sq and K we get {K, (5o)-invariant subsets Hi, . . . , Hpf^ C 
F and Borel subsets Bi, . . . , BjVo C X. For every i G {1, . . . , Nq} and 7 G Hi let 
Si, 7 C jBi be a Borel subset such that iJ.{Bi^j) > (1 — eQ)/x(Bi) and the {Bi^j)j^Hi 
are pairwise disjoint. Set 

S^ ■■= U {7} X 7"'B.,7 C H, X B,. 

-ye Hi 

Then the group action map m : Hi x Bi ^ X is injective on Si and 

(5.1) (c X fi)iS,) > (1 - el)ic X fi)iH, x B,), 
where c is the counting measure. For any subset 5 C F x X let 

cs{x) :=#{7eF; h,x) S}. 

Now define 

A, {x G Bf, cs.(x) > (1 - eo)#H,}. 

Next wc show that 

(5.2) ^l{A,) > (1 - eo)fi{B,). 



30 



ROMAN SAUER 



We have the obvious estimate 

(c X ^i)iS,) < tiiA,)^H, + (1 - eo)(/i(S.) - ^iiA,))#H, 

= (1 - eo)fi{B,)#H, + eo^i{A,)#H,, 

which in combination with (5.1) yields (5.2). Let 5*^' ~ SiH {Hi x Ai). For x G we 
havec5'(a;) = csi{x) > {1 — eo)^Hi. Together with the injectivity ofmls' and (5.2) 
we get 

fi{H,A,) > {cx^i){Sl) > (l-eo)/i(AO#ff, > (l^eo)^ ij{B,)#H, > {l-eof fi{H,B,). 
Since the sets HiBi, thus the sets Ri := HiAi, are pairwise disjoint, 

No No 

(5.3) /i(U ^ " eo)V(U ^'^0 > (1 - - 4) > 1 - 2eo. 

1=1 'i=i 

If m[S'j) ^ HiAi, we can enlarge S*- C Hi x Ai while keeping to|5^ injective. So 
we may and will assume that m{Sl) = HiAi. Partition each Ai into finitely many 
subsets Aij such that {Hi x {x}) D S'i is a constant set Hij C i/i for x G Ay. We 
obtain that 

a') on each Aij x Hij the map m is injective, 

b') the sets {AijHij}ij are pairwise disjoint, and 

c') Uj -f^u^^i = H,A,, thus ^(Ui.j i?^jAy) > 1 - 2eo > 1 - e. 

From ^Hij /^Hi > 1 — eq and the {K, (5o)-invariance of Hi easily follows that Hij 
is {K, 5o + {2^K + l)eo)-invariant, thus {K, (5)-invariant. Now reindexing {Aij) and 
{Hij) as Ai, . . . , An and Hi, ... , Hm gives the sets with the stated properties. □ 

In the sequel we refer to the following setup: 

Assumption 5.3. Retain the setup of Assumption 1.2, and assume that M is 
covered by open amenable subsets V{1), . . . ,V{m) C M such that every point in 
M is contained in at most n such subsets. We may and will assume that V{j) is 
connected. 

Write inclj for the inclusion V{j) ^ M. By hypothesis, T{j) = im(7ri (inclj)) 
is an amenable subgroup of F = 7ri(A/). Let V{j) be the regular covering of V{j) 
associated to ker(7ri (inclj)) C TTi{V{j)). It comes with a free left action of T{j). 
Let p : Af — > Af be the universal covering of M. By covering theory, we have a 
puUback diagram: 

(5.4) rxr(,)y(j)C >M 

p 

, ^, incl; 

V{j)^ M 



The upper map is F-equi variant. In other words, p~^{V{j)) C M decomposes into 
connected components, indexed by F/F(j), each of which is homeomorphic to V{j). 

For every Borel map f : Si —>■ S2 between standard Borel spaces with countable 
fibers there is a Borel subset A C Si with /|^ injective and f{A) = /(S'i) [25, 
corollary 15.2 on p. 89]. 

In particular, there is a Borel fundamental domain -^{j) for the F(j)-action on 
V{j), an open subset U{j) C V{j) and a symmetric subset S{j) C F(j) such that 

(5.5) ^(j) c U{j) C S{j)^{j). 
Moreover, we define 

(5.6) #(j) := 5(j)^(j). 
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Since M is compact, we can take ^{j) and U{j) to be relatively compact in M . 
Since the F-action on M is proper, S{j) can be taken to be finite. 

For every (5 > we now construct a certain .^-covering on X x M . Fix (5 > 0. 
For every j G {1, . . . ,to} we apply Theorem 5.2 to the r(j)-action on X with the 
constants 5 and 

(5.7) K S{] f, e := <5, 

and thus obtain subsets (.?'), . • . , HM{j) of F(j) and Ai[j), . . . , AN{j) of X such 
that the sets ^Ai{j) for 7 G Hi{j) and i?i(j) := Hi{j)Ai{j) for i € {1, ... , N} are 
pairwise disjoint and each Hi{j) is (S'(j)^, (5)-invariant. By taking the maximum 
over j G {1, ■ • ■ ,™}, we can pick an TV that is independent of j. This simplifies 
notation a bit. Define 

N 

An+i{]) X\ y i?,(j) and i?Ar+i(j) {!}. 

i=l 

Then ^(Ajv+i(j)) < e = (5. For every j G {1, . . . , to} the family 

:= {7A.(j) X 7i^.(Jr'C/(J)}l<,<^.+l,^e^ 
is an ^-cover of X x (F Xr(j) V{i)) = X x p-^{V{j)). 

Definition 5.4. Let '^5 be the ^-cover of X x M given by the union of ^-covers 
'^sij) for j G {1, . . . ,m}. Note here that a union of families is indexed by the 
disjoint union of their index sets. 

5.2. Estimating the number of ^-cells of the nerve c/K('%). 

Theorem 5.5. Retain Assumption 5.3. If k > n, then 

aki^m)) e 0{S) forS^O. 

Here the notation means that there is a constant C that depends on fc, M and 
the cover {V{j)}i<j<m but not on S or such that crfc(^('%)) < C5 for small 
5>0. 

Proof. Let [to] denote the set {1,2,..., to}. By Lemma 2.34 we have 

afe(^(^5)) = — ^— Y Y K^^lijl)^^2A^,{j2)n...n-fk+lA,^^^{jk+l)) 

(ii,...,ife+i)e[JV+i]'=+i ^ ' 
where the inner sum runs over all 72, ... , 7fe+i G F such that 



(5.8) 



Define 



(7vi V, jr) 7^ ills, is, js) for 1 < r 7^ s < fc + 1 and 71 = 1. 



S(ji,...,Jfc) := J2 J2 K^'n{ji)^l2A^,{j2)...n-fkA,^{jk)) 

{ii,...,ik)G[N+l]'' p---'p' 
as in (5.9) 

where the inner sum runs over all 72, . . . , 7^ G F and /ii, . . . , /i^ G F such that 
hi G H.,^{ji) and 



(5.9) 



(7v: V,ir) ^ {lis, 3s) for 1 < r ^ s < fc and 71 = 1. 
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(5.11) 



The sum ^ S](ji, . . . ,jk+i) over all (ji, . . . ,jk+i) G [to]''"'"^ clearly dominates (Jk{^{'^s)) 
because of (5.5) and (5.6). To prove the claim, it thus suffices to prove that 

(5.10) S(ji,...,jfe+i) eO((5) for<5^0. 

for every (ji, . . . ,jk+i) G [rn]"^^ provided k > n. We need the following two lemmas 
to continue. 

Lemma 5.6. Let k > 1. There is a constant C > that does not depend on S and 
'^s such that 

s(ji, . . . , jfc+i) < c ■ . . .,3k). 

Proof of lemma. There is a finite set F <zT such that for all G [m] 

7#(j) n #(/) 7^ ^ 7 e i^. 

This is clear since T acts properly on M and each ^{j) is relatively compact. Now 
i;(ji, . . . , jfc+i) is bounded by 

^ ^ M(^«i(ji)n...n7fc^,,(ifc)n7fc/i^V^^«.+i(jfe+i))- 

(»i,...,i,)e[w+i]'= . /ef 

7i,/t,as in (5.11) 'fc + iel^+ll 

In the first sum we sum over all fc-tuples (1, 72, ... , 7^) £ r'^+^ and {hi, . . . , hk) S 
(ji) X . . . X H,^ (jk) that satisfy 

ih^\^{n) n 72/i2-'#(j2) n . . . n 7fe/i^'^(jfe) 7^ 0, 

\{li^,ir,jr) ^ (7ia:*.s7Js) for 1 < r ^ s < fc and 71 = 1. 

The family {'Ikh'^:'^ fhA^^^^{jk+i)} ^^^^^^j^^-^^j^^^^^ ^ (for fixed f,hk,jk) is a Borel 
partition of X. Hence the claim is true for C = #f . □ 

Lemma 5.7. For j £ [N + 1], we have G 0{5) for 6^0. 

Proof of lemma. For V{j) fl jV{j) 7^ it is necessary that 7 G r(j) (see dia- 
gram (5.4)). If /i-i#(j) n 7/i'-i#(j) 7^ for h,h' G r(j) then 7 G h-^S{j)'^h' 
because ^(j) is a r(j)-fundamental domain and because of (5.6). Thus 

^U^j)< E E E ^^{A,AJ)nh^hh■2A,U)) 

/ii6-H"ii(j) hi^sh2 if ii = i-i 

^ E E E Ai(/ii^n(j)ns/i2A,,(j)) 

hiGHi^(j) hi^sh2 if 41 = i2 

Notice that fi{hiA,^{j) n 3/12^12 (j)) = if sft,2 G H.^^j). Thus, 

S(j,j)< E E E M(/ii^nO-)ns/i2A,2(j)) 

ii,i26[A'+l] 'i2G9si,)2H.,(i) seS0)2 

= E E E M(s/i2^.2(i)) 

= E E E M(i^.2(j)^.2(j))/#i^.2(j) 

<#5(jr<5 ^ m(^.2 0-)A.2(j)) 

i2e[^v+i] 

^#S{jf6. □ 
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Continuation of proof of Theorem 5.5. It remains to verify (5.10). If fc > n, then 
5](ji, . . . , jfc+i) = unless two of the entries of (ji, . . . ,jk+i) are equal because 
of (5.9) and the fact that {V^(j)}i<j<Tn has multiplicity at most n. 

We can assume that j ~ ji ~ j2 without loss of generality. Then by repeated 
application of Lemma 5.6, we obtain that S(ji, . . . ,jk+i) < C''^~^S(j,j) where C 
is the constant from Lemma 5.6, and Lemma 5.7 finally yields (5.10). □ 

5.3. Conclusion of proofs. Let M be as in the hypothesis of Theorem B or 
Theorem C. For F = tti{M) let {X,fi) be as in Assumption 1.1. For example, 
take the Bernoulli space {X,fi) = ({0, l}^,iJ,eq) where /Xeg is the infinite product of 
the measure (1/2, 1/2) on {0,1}. Let be the ^-cover on X x M constructed in 
Subsection 5.1. It is immediate from the construction that is uniformly bounded 
and =yK('%) is finite-dimensional. 

By Lemmas 2.35 and 2.39 there exists an ^-simplicial (thus, metrically coarse) 
map 

(5.12) cj):XxM^J^{'^s) 

(after subdividing the domain). By Lemma 2.40 there is a metrically coarse geo- 
metric ^-map 

(5.13) 'ijj : ^('%) -^X xM 

such that there is a geometric i^-homotopy between id^ ^ ^ and ip o cj). 

End of proof of Theorem B. The triangulation of M naturally gives rise to a cycle 
k! G C„ (M) . Let K be the image of k! under 

C(M) = Z (K)z;r C(m) ^ L°°(X;Z) ®zt G(m) ^ <^„(X x M), 

where j„ and A„ are the maps from Remark 3.26 and Lemma 3.23, respectively. 
Then k represents the fundamental class [M] in ,3^n{X x M), and k and satisfy 
the hypothesis of Lemma 3.21. 

By Lemma 3.21 and Theorem 5.5 we have 

mass (jr„ ((/))( [A/])) < (n + 1)!^ • cr„(^(^5)) G 0{5). 

Lemma 3.20 yields 

mass([A/]) = mass(jr(V' o (?i)([M])) < mass(^(0)([M])) G 0{5). 

Now Theorem B follows from Theorem A.l and by letting 5 ^ Q. □ 

Before we come to the proof of Theorem C, we need the following lemma that 
we extract from Gaboriau's theory of L^-Betti numbers b^^\Yi) for arbitrary 3^- 
simplicial complexes [17, Section 4.3]. 

Lemma 5.8. Let E, 5* he ^%-simplicial complexes such that Ti^ is contractible for 
a.e. X ^ X . Let : S — > ^' be an ,^-simplicial map. Then 

6^^^(E) < b^k H'^) for all k>0- 

Proof. The proof is essentially the same as the one of [17, Thcorcme 3.13]; there the 
hypothesis of the existence of cf) is replaced by an assumption on the connectivity 
of ^I*. We only indicate the necessary modifications: The map induces a champ 
borelien equivariant t* : C*(S]2-) ~^ C*(^'a;) in the sense of [17, Definition 3.4]. 
For the t* we can find s*, r* as in the diagram of [17, Lemme 4.6]. The proof [17, 
Lemme 4.6] almost literally translates to our situation. Now the assertion follows 
from [17, Theoreme 4.8] □ 
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End of proof of Theorem C. Applying Lemma 5.8 to S = X x M, 5' = ,A^['^s) and 
the map in (5.12), we get the estimate 

(5.14) 6f (M) = bf {XxM)< hf {^{^s)) 

for aU /c > 0. We have 6i^^(^('%)) < ak{jy{'i/'s)) [17, Proposition 3.2 (3)]. Since 
o'k{-^{'^s)) G 0{d) for > n by Theorem 5.5, the assertion follows for 5^0. □ 

Appendix A. L^-Betti numbers and the support mass of the 

FUNDAMENTAL CLASS 

Throughout, we retain the setting of Assumption 1.3. This appendix is devoted to 
Theorem A.l below. A statement of this kind was posed in Gromov's book [23, 5.38 
e) on p. 304] as an exercise. A proof of Theorem A.l is given in the doctoral 
thesis [35]. The proof we present at the end of this Appendix is basically that 
of [35] and only differs in the discussion of equivariant Poincare duality. 

Theorem A.l. Let [A/] be the fundamental class in J^/fn{X x M) (cf. Remark 3.26). 
Then 

hf\M) < mass([Af]) for all p > 0. 

The proof of Theorem A.l is essentially an application of equivariant Poincare 
duality. The presentation of the latter in [28] very much fits for our purposes. First 
we discuss the necessary algebraic objects. 

Definition. The twisted group ring L°°(X; C) x F is, as an L°°{X; C)-module, free 
with basis F. Its ring multiplication extends uniquely that oiL°°{X; C) and CF such 
that the commutation rule fj — 7/''' holds. Recall that F acts on L°°(Ar;Z) from 
the right by f^{x) = {f'j){x) = f{'~fx). There is a ring involution on L°°{X; C) x F 
given by 7 = 7"^ where f{x) — f{x) is complex conjugation. 

The twisted group ring L°°{X; C) x F is equipped with the trace 

tr : L°°(X; C) X F ^ C, tr(^ fk^fk) - f /i(x)d/x(a;) 

where 71 = 1 e F, 72, . . . , 7^ G F\{1} and /i, ...,/& G L°°(X; C). The correspond- 
ing GNS-construction defines a von Neumann algebra L{X,r) with a finite trace, 
which is commonly referred to as the group measure space construction. The group 
von Neumann algebra £(F) is contained in L{X,T). 

Let C*,D* denote ZF-chain complexes. Let C~* be the chain complex whose 
p-th chain module is homzr (C'-p, ZF) with the induced differential. The minus sign 
causes C~* to be chain complex rather than a cochain complex. Naturally, C~* is a 
right ZF-module but every right module over a ring with involution can be viewed 
as a left module. Furthermore, homzr(C~*, D:») is the hom-complex; it is again a 
chain complex whose p-th chain group consists of degree p chain maps C~* D». 
Its p-th homology consists of homotopy classes of such. 

For brevity, let us write L°° instead of L°°(X;Z) in the sequel. We have the 
following commutative square of chain homomorphisms 

Z(g)zr (C, ®D,) — ^homz;r(C"*,D*) 



L°° 0zr (C*®D,) ^l^homzr(C-*,L°° x F®zrD,) 
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The verticals are the obvious inclusion and induction L°° xi F (g)zr - respectively; 
note here that the lower right corner is canonically isomorphic to 

homL~xir(L°° xi T ®zr C~*, L°° x: T^zrO*). 

The upper honiomorphism is given by (l)u{l x (E) y)ig) — g{x)y for g G C^*; the 
lower homomorphism is defined by 4>d{f ® x ® y){g) = fg{x) ® y. 
Let AW* : C*(M X M) ^ C*{M)®j^G*{M) be the Alexander- Whitney map, and let 
A* : C*(M) — > C*(M X M) be the chain map coming from the diagonal inclusion. 
Both maps are ZF-equivariant with the appropriate diagonal F-action on the target. 



We obtain the following commutative square: 

AW,oA, 



Z®zr C^Af) 



>Z(8)zr {C*{M)®C,{M)) 



5zr (a(A/)®a(Af)) 



If we set C* = C*(M), concatenate both squares above and take the n-th ho- 
mology, we obtain the following diagram. 



H„(A/) 



H^(M;L-) 



> C-*(M),C„+,(Af) 



L°° xZF®zr C-*(M),L°° x F ®zr C„+4M) 



The square brackets denote homotopy classes of chain maps. A representative of 
the image of z under one of the horizontal maps is a chain map that is called the 
cap product with z. 

Now consider an element z S Hn{M) and its image z' in H^(M;L°°). The cap prod- 
uct with z' defines, after induction with L{X, F)(2)l°' xr-, an L{X, F) -homomorphism 
(up to homotopy) 

(A.l) . n z' : LiX, F) ®zr C-*(M) ^ F) ®zr C„+*(M). 

According to equivariant Poincarc duality, the map (A.l) is a ZF-homotopy equiv- 
alence if z G Hn {M) is the fundamental class of M (already before induction with 
L{X, F) 0L==xir -)• Let us take a closer look at this map. Suppose z' is represented 
by the cycle J2T=i fk ® ^ fc with fk S L°°, ak ■ A" M . With the standard formula 
for the Alexander- Whitney map, we can unravel the definition of (A.l) and see that 
it sends the element l®g€ L{X, V) ®zr C-' (M) to 

rn 

fkg{<Jk\j) ® <Jk [n-j e L{X, F) 0zr Cn-3 (M). 

k=l 

Here a\j and cln-j denote the front j-face and the back (n — j)-face of a respec- 
tively. It follows that the kernel ker(ez;j) of 

m 

ev, : L{X, F) ®zr C^W) ^ L{X, F)x.upp/, , 

A;=l 



xiSig^ {xfkgicFk\j) = xg{ak\j)fk) ^. 
is contained in ker(_nz'); here Xsupp/t is the characteristic function of the support 

Of/fe. 
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To follow the proof of Theorem A.l, the reader must be aware of the following facts. 

a) There is a dimension for every (algebraic) module M over a von Neumann 
algebra A with a finite trace tr^ : A C, denoted by dim_/[{M) G [0, oo]. 

b) The dimension dim_4 is additive for short exact sequences of ^-modules. 

c) For an idempotent p G A, dim^{Ap) = tr_4(p). 

d) 6f ) (M) = dimi(r) (Hf (M; L(r))) _ 

e) dimi(r)(Hr(A/;L(r))) =dimi(x,r)(Hr(M;L(X,r))). 

The items a)-c) belong to the core of Liick's dimension theory for a von Neumann 
algebra with a finite trace [27, chapter 6]; d) is a consequence of [33, Theorem 2.6 
and Theorem 4.3]. See also [34, Theorem 6.8]. 

Proof of Theorem A.l. Let e > 0. By Theorem 3.25 the fundamental class z' in 
Hj^(Af; L°°) can be represented by a cycle 

m 

^ /fe ® CTfc G ®zr C„(M) 
fc=i 

such that 

m 

(A.2) A*(supp(/fc)) < mass([M]) + e 

fe=i 

where [M] denotes the fundamental class in x M). 

Let 6^ denote the j-th differential of L{X,T) ®zr C*(A/). There is always a 
projection ker((5^) -» Hp(M; F)). If we compose it with the homology homo- 
morphism induced by (A.l), we obtain a map 

ker((5^ ) (M;L(X,F)) ^ rI_j{M: L{X,T)) 

that factors over ker(ewj) since ker(ewj) is contained in ker(_n z'). Thus 

6i'2,(M) = dimi(x,r)(H^_j(M,L(X,F))) < dimi(x,r) (kcr(5^)/ kcr(ei;j)) • 
Since ker((5-^)/ker(efj) injects into 

m 

0L(X,F)x.upp/,, 
fc=i 

we conclude with (A.2) that 

m 

b^n-ji^I) < E K^^Mfk)) < mass([A/]) + e. □ 
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